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Problem of grey bilevel linear programming and its algorithm
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Abstract Based on the bilevel linear programming and the characteristic of grey system, a general gray
bilevel linear programming problem with its model and theorem are given. A globally convergent algorithm
based on simplex method is given to solve the drifting grey bilevel linear programming problem. Replacing
the lower level problem by its Kuhn-Tucker condition, the gray bilevel linear programming is transformed into
a gray single level programming problem, which can be transformed into a series of gray linear programming
problem by use of the dual theory. So these problems can be solved by simplex method to obtain the solution
of the gray bilevel linear programming problem. Finally, an example is adopted to verify the effectiveness of

the proposed algorithm.
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il 24 SFIpRmE. MR, TR S, RN B T B A SR
NG, MR G —BAG BRI T EEER (R 0esE) fiem, BT i s
ERMAFEE P, fRIIGL3S RA R, e i, Bk H A RO e BE 21T
WMEAREMNRTX, LLHE, E—ERHNETERLENRZ S, EEfaARRE, SAENFEEES
B BRI, e — I B, MBI RIS B, TRk T, K mERZ D&
e gD Roanfer i a2 AT, BRARIER T e 2 DG AR B RIS, RYE Stackelberg Xf
SR W S, R — BT T M SR I, B R R IR, 17X > R R W] — A
RIS BT A, B L TR B R B R R (G APETRAT, G LR BT ARE =
Bl AR LS B (51, Bt AR G RFAE. SRR A ST I 9 R IR LR AE R 2 AR [P R S 5
3, I, ARSCHFIT T R SR R T

2 —iREBE R MERRE)
EX 1 % @ HRSHED, N—MKE — BEEMRIETE (BLPGP) A[#ikk:
(P1) max fi(z, y) = a(@)z + b(©@)y

HAr y
(P2) max fa(z,y) = e(®)x + d(®)y (1)
st. A(®)z+ B(®)y < r(®)
z,y >0

EREXAF: fi(2,y), fo(z,y) 25 BLPGP B EEMTEBARREL, © € R™, y € R™ 435)7E BLPGP |y
LEMT RS R, H

a(®) = [a1(®), a2(®), - -+ an, (®)], 6(®) = [b1(®), b2(®), - -+, by, (®)]
(@) = [e1(®), c2(®), -+, ey (@)], A(@) = [d1(®), d2(®), -+, dny (D))
A(®) = [aij (@)mn,, B(®) = [bij(@)lmn,, 7(®) = [r1(©),72(®), -+, 7 (®))]

a;(®) € [a;,ai],b;(®) € [b;, bj],ci(®) € [, &), dj(®) € [d;,dj]
aki(®) € [ag;, ki), brj (®) € [byj, big], 7 (®) = [13,, 7]
1=12,---n;5=12,--- nosk=1,2,---

EX 2 B i, B5,0i,755 Pris Okjs G € [0,1] ﬁ@ﬁﬂﬂﬁlﬂﬂs%%{ ARSI AAAE A
a;(®) = a; + ai(a; — a;), b-( ) =2b; + B (b; —b;),6(®) =¢; + (¢ —¢;)
dj(®) = d; +7;(dj — d;), @i (®) = ag; + pri(ar — az,;)
bij (©) = by + 0 (brg = biy) T (®) = 1 + Gu(Pr — 14

Hrp
1= 1727"'an1;j: 1,27"',”2;]{3:172,"'77)’1
I
(Py) max fi(a,y) = 6(@)o + o)y
Hrr oy %

(P2) max fo(x,y) = &(@)z + d(@)y
st. A®)z + B(®@)y < #(®)
z,y >0

2 BLPGP fy5& Az 4.



134 E N S 2%

it BLPGP WA S = {(z,y)| A(®)z + B(®)y < r(®), 2,y > 0}, S £ ERJREE L #5% >
T=A{x:(z,y) € S}. THNEEN v e T, TREEHAREA 2(x) ={y|B(®@)y <r—A®)z,y >0},
M(zx) = {yly € argmax{fo(z,y),y € 2(x)} } HFRMBHSEYE, R = {(2,y)|(z,y) € S,y € M(2)}
& BLPGP Wjw[{73.

EX 3 B Vi=1,2,--n;5=1,2,--na M k=1,2,--- m*%&

& =, B =0,0; =06,7 =7, pki = p;0k; = 0,0k =(

NIFRAE R B @ AR (o, 8,0,7,p,0,¢) EALERKI, I BLP(a, 3,6,7, p,0,¢), H L2 BHiRRERMEIL
K max fi(, 8,6,7, p,0,¢), HARIHILH S(p,0,¢), HAFTEILH R(5,v,p,0,¢).

EIE 1 EFATE R(5,7,p,0,¢) Y, Bl EREL 6, , AIAFLA T4

1) Xt Vp1, p2,01,02,¢ € [0,1], & p1 < p2, 01 < 02, W R(p2,02,¢) € R(p1,01,();

2) Xt Vp,0,¢1,¢6 € [0,1], & & < G2, W R(p,0,¢1) € R(p,0,C2).

JEBR 1) JEIE S(p2, 02,¢) € S(p1,01,C). WHRBIWATRFMR RET A Ap), B(o),r((), EH (z,y) €
S(p2, 02,¢), HIEHZFH:

A(p2)z + B(oz2)y < r(¢)

Ul
A(pr)z + B(ow)y = Alp2)z + [A(p1) — Alp2)lz + B(oa)y + [B(o1) — B(o2)]y
= A(p2)z + B(o2)y + (p1 — p2)(A — A)z + (01 — 02)(B — B)y.

A p1 < p2,o10 < oo,y > 0, FFLL A(pr)z + B(o1)y < Alp2)z + B(o2)y < r(¢), W (z,y) €
S(p1,01,¢), T S(p2,02,¢) € S(p1,01,¢). I TEERHMREL 6,7, FEWR (2%,y") € R(p2,02,(), W
(@*,y%) € S(p2,02,0), INH (@, y") € S(pr, 00,0

P g fo () = max 3 e+ (63— )i + 3 (& + 7 (dy =), WA

=1
ni

max fo(2,y) = f2(2%,y") = D (e +6ile —e))ai + ) (dy +v5(dy — dy))y;

i=1 =1

HTREZET o M~y {E SR, (o, y*) ETFEEWEE fo2(z,y) 7 S(p1,01,() LIRERSAE, WA
(z*,y*) € R(p1,01,¢), Bl R(p2,02,¢) C R(p1,01,().

2) BB (2,y) € S(p,0,¢1), I G < G, B 7(C1) < 7(G2), M A(pr)z + B(ow)y < r(G) < r(C2). FTEA
(z,9) € S(p,0,C2), NI S(p,0,G1) € S(p,0,C2). MTEEHEMREL 6,7, R (2%,9") € R(p,0,01), W
(@*,y*) € S(p,0,C1), HILBERIE (2%, y%) € S(p2,02,¢). HIERE 1 71 2) FHEHIAL, (¢, y*) TR HR
PR fa(x,y) 7E S(p, 0, ) LANKEIRMME, W (2%, y*) € R(p,0,C2), B R(p,0,¢1) € R(p,0,(2).

EX 4 Ya=p=6d=v=(=1p=o0c =00, MFMHEMUK BLP(1,1,1,1,0,0,1) %A
BLPGP [WHEARAA], HERRMEILH max fi. Y a=F=06=v=(=0,p=0 =18, XMHELMIR
BLP(0,0,0,0,1,1,0) #& BLPGP fyaisl, HEIEICHN max fi.

TR AR BERA B LENB AR, WA T H4E:

EHE 2 FE BLP(a,8,6,7,p,0,C) 1, MEEH a,8,6,7.p,0,(€[0,1], F

max f1 < max fi(a, B,6,7,p,0,¢) < max fj.

MEBA  SEIE max fi = max f; (0,0,0,0,1,1,0)< max fi(a, 3,9,7, p,0,¢). BT _ETREHRRET N
LHEREH 2,y > 0,0 >0,82>0,0 > 0,7 > 0, MAHRKRA max £1(0,0,0,0,1,1,0) < max fi(a, 3,6,7,1,1,0).
MHR p,o € [0,1],¢ = 0, HEH 1 BE5LTF R(1,1,0) C R(p,0,0), R(p,0,0) € R(p,0,¢), HAFTHEIR
&, BHRXAR max f1(o, 5,6,7,1,1,0) < max fi(a, 3,8,7,p,0,0) < max fi(a, 3,6,7,p,0,¢), M LBFER
E VAL S

max f; < max f1(a, 3,9,7,p,0,).
RIFEATIE max f1(a, 3,6,7, p,0,¢) < max f1(1,1,1,1,0,0,1) = max fi. Z5451F.



%6 SRR, S5 RO IR LA R B s 135

EX"C" XT %E/J ;ﬂ35773p30a<€[071}7%ﬂ(aa6a7():%%BLP(04’/63577’;0’0’C)
E‘J?W‘j%ﬁu ﬁl:':l maXfl = ma.Xfl(Oé,ﬁ, 577ﬂpa g, C)
Rl 1 XHRER o, 8,0,7,p,0,C € [0, 1] F ple, B,---,¢) €[0,1].

3 EBRERE_EMRIREE

3.1 REIS5EN
EX 6 FERAKE MK, aH*T@%ﬁ*ﬂéﬁﬁ%{ﬁFﬂPE’Jﬁﬁ IR RAEI — BT BRI B By
BENIR, BS a=F=0=y=p=0=(=0, HREAAEREN
(P1 )mjx fi(@,y) = ap(®@)z + by (R)y

Hery %
(P2) max f (z,y) = co(®)x + do(®)y (2)
Ap(®)z + Bo(®)y < r9(®)
s.t 0<6<1
z,y >0

PR EREEALY 0 @R, 12y BLP(0), L2 HARREUEMIEIL R max f1(0), HARBEE N S0), 7]

1788 R(9). HIRIE BLP(0) W2RSMBIFTE, % H TR
iz 25 S(0) RAEZEERSE X Ve e T, TREETE Qo) LAME—H RN

#ER 1 XMMEEW 0 € [0,1], F max fi <max fi(f) < max fi.

X T RAEM 0 € 0, 1], B u(0) = LD Sy BILP(0) BMERE, Bl 110 < u(0) < 1.

EX 8 HEKEE D = 1o, 1], % p(0) € D, FREHZ IR ERAMHHA BLP(0) HITER.

3.2 Bit5&Z%

WIELSH GLP Jiik, 455 BLP(0) B9 “FI{EE” 5k,

—fRAFOL T, BEIN G B B e, AIARIERAARE LS . AR 1 HE S LA 1),
MR 20 BN

Stepl Ma=p8=(=1,p=0=0, RK\HFEME max f1; Wa=5=(=0,p=0=1, RERME
max fi.

Step2 %35 —4 6 fH, KE max f1.

Step3 IHAMEE w(0).

Stepd & pu(0) > po, $2 I, HHH AU &0, #% Step2.

TGy GLP J7vk B Rl i SO “AIE B sk, X Fh “FIEE” LB ARAMELRAL
AN A5 B BERAL R A, B ARRE 7843 S R 6 (R R VR A, BRI R RARSE 3., ASCE X BLP(6)
T — PSR

EIE 3 X THEE 0 {ER BLP(0), 4 ERAERA « € S(0) i, y & FEMRIN MR TEERMH: F1E
A >0 8115 y R T AR

—dg(®)T + Byp(®)TAt — A\ =
Ap(®)z + By(®)y —ro(®) <0
Am+iyi =0, 1=1,2,--- ng
Xi(A;(®)x + Bi(®)y —ri(®) =0, i=1,2,---,m
y=>0
Foar =[N A = [, Ae, - AT A = Dt Amra, 0 A ]

JEER #asE 0 {8)5, BLP(0) M@AAA BLP [ 4 LRAEREA © € 5(0) 7, BLP i FEHLRIFAL

HRT y BB, 2 ro(®) = [r(©), r2(®), - -, rm(®)]T, Bo(®) = [B1(®), B2(®), -+, Bm(®)]7,
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Ag(®) = [AL(®), A2(®), - A (@)], FEREL max folw,y) = co(@)a + do(@)y FefbHy —min(—f(z,y)) =

—(—co(®)z — do(®@)y). WT faly) FHARFMEAELEN—HM R FRENLAERL, NI RITE 1T
S(0) LW Kuhn-Tuker 25 HOW A BV A Kuhn-Tuker 2504, % y € S(®) J& TEMKIERHE, 77

Tf A= [)‘u’ /\U]T(/\u = [/\17>‘27 o 7)‘ ]T AV = [)\erla /\m+Za t m+n2] ) 1E4%
m-+no
VyL(y,A) =V fa(y +Z/\V ®)x + Bi(®)y — 1(® Z \iVy; =0
1=m-+1

Ag(®)x + By(®)y — r9(®) <0
A>0
/\i(Ai(®)JC + Bi(®)y — Ti(®)) =0, 1=1,2,---,m
Hrh Ly, \) A Ly, \) = fa(y) + i Ai(Ai(®)z + Bi(®)y — ri(®)) — fgjl AiYi-
i LR TR AR H 4l
#i® 2 XF BLP(0) &, A TERIN K-T 546N T EMRIME, AR i 5B
- EL R E -
max fi(z,y) = as(®)z + bp(®)y

—dp(®)" + Bg(®)TA* =\ =0

Ap(®)z + Bo(®)y — ro(®) <0

Am4i¥i =0, 1 =1,2,---,ng

XNi(Ai(®)z + Bi(®@)y —1i(®)) =0, i=1,2,---,m
z,y >0,A>0

TREHRIME X ER TIITREA V = {—do(®)" +Bo(@) A=AV = 0,A > 0}. BIRV ZHFM, HL
PERLRIELRH V ZEHARATUR. FIHLKERRIESE] V MPrETE, K8 VE = (M A%, A
XFERL T LA LR AL — R AN AR LP(X), i = 1,2,---,t. A S R ZAFZHHH, B
WX i = 1,2, ¢, W LP(\) B, A 1e{1,2, -t} D_l'JTTT: i e I {HRME LP(\) A&,
wH (o, yh), BMREILH fi(ah,y"), & F(a¥,yF) = max{fi(a",y") i € I} FHIFTABE] FHEZER:

T 4 (oF,yF) BREBAREMRNE (2) B,

HIfER 1 A, 2 BLP(0) MBFEr AT, W BB BRME—EF R, B 0 a7 AR H
LR {8 0 BYEFRVERXS [0,1] XTajgysr#], XA IS8, Fra2]i B AR EUE ST ok Bos U (E,
A max fi = max{f1(01), f1(62), -, f1(0n)}, 0i = i/n,i=0,1,2,--- n. HRIEEEFAEHRENBREHRE n 19
BYE.

RAELL L2, K BLPGP [R5 ] ik an T

Stepl MiERT 0 REVBHRIFEAL A BB MRIBA, 4 i =0, max f; = 0.

Step2 4 0 =i/n, IEMEMRTURSAG V IR VE = (A0, N}, IR AR EILRIEE
LP()\k), k=1,2,---,t.

Step3 2l IHATEUSRMFIIE LP(NY), k = 1,2, t. WSH AR, IC&MMH (0,0), RIUE
K max ff(0;) = —oo; HNHCEMAER («F, yF), BMAEH max f(6;).

Step4 4 max f1(0;) = max{max fF(0;) |k =1,2,---,t}, MVHRMLEICH (=7, v)). WHE max f <
max f1(6;), & max fi = max f1(6;), (z,y) = (7,y;); i =1+ 1.

Step5 4 i < n B, # Step2; 24 ¢ = n B, HjHHME max f1 FERIUH (2,9).

S BARTE MATLAB /{4 L5E .

3.3 2RWEES R

RIBRR S R, S(0) RAEZB4E, Xt Vo € T, FENBE Q@) LEW—M R, B30k (8]

M, BLP(0) M@AEE2 R, ARy (o*,y*). X T4EN 0 {5, BLP(9) B A BLP M8, i
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TR S Rz R 4, N R ZFIEEN, T BLP —EH 2 Ra M, HA7E S f s L2 7. i
TV A TERRIMEH X BT, BRI RIS, V MR S ik 10 EIl, f
FRRIER A ER 4 J, BT K-T RS2 R I 2 R U

Xt 0 WBEXIEHAT n 50, 2 0 = i/n, i 0 EINYH2RRREAN («F,y). NG 0 &1
BLP(0) [MEfy— PR, I 2, £ BLP(6) Moy = Yo, BL2sRisCh §'(0), M
S'(0) A=A B’ S(0:) FA 0; X S'(0) EATHFIPTRBIREIE, B S0:) HRE—TAEENE,
H S(6:) Wt EAE S'(0) MTE L. iy ZRPAR RGBS N, XT TR BN 0:, (o7, y;) AE S(0:) Bt LASE], )
(@7, y7) R S(0:) WM, e S'(0) WY L. AW5TE S'(0) WIRRTE LA —AIELERTHZR 1(0), (R ErA R
(x,y7) MERERMM (2, y*) BEXFWMEZ L, TR (2%, ) PIXEBETT S0:) @EPTE S0°), H
T 10) RELEHHIZE, MIAFFEIESR 6 > 0, (754 |0p — 07| < 0 BFA (af, yi) — (%, y"), n BEUE R Z0 2
FAF > 1/6, BUATLARREIX RN 0 [EAIX A 2R E . HIIZE A 2Rt
3.4

I AR SCHE H B PR IR RSR R 541

(P1) max fi(z, y) = a(@)z + b(@)y

Hrb oy %
(P2) max foz,y) = c(®@)z + d(®)y (3)
e(®)z + f(®)y <320
s.t g(®)x + h(®)y < —198
z,y >0
Hrp

a(®) € [-5,-2],b(®) € [-2,—1],¢(®) € [-6,-2],d(®) € [-3, —1],

e(®) € [2,10], f(®) € [-5,—2],9(®) € [-9, —6], h(®) € [-5, —2].
) op Rl 22 Rk

aU(®) = =5 +30,b(®) = =2+ 0,¢(®) = —6 + 46, d(®) = —3 + 20

é(®) =2+80, f(®) = —5+30,5(®) = =9+ 30, h(®) = —5 + 30

I “O{ZE” A&

R po = 0.6, BL 0 = 0.5, fi#fF max fi = —39.6000, max fi = —165.6250, /2 HRERERMEH
max f; = —84.8571, TEHREERMME N max fo = —113.1428(z,y) = (0.0000, 54.5714). HEIAT{EETS,
po = 0.6408, BIR o > po , FI, HRIW) H RS IUEN —84.8571.

I ME# “TEE” Fik

EEBRARN (3) FHEA N TR

max f(z,y) = (=5 +30)z + (-2 +0)y
(2 +80)x + (=5 +30)y < 320
(—9+30)z+ (—5+30) < —198
z,y >0
(5—30)A1 + (5 — 30) Ay + A3 = 3 — 20
A1, A2, A3 >0
A1 ((2 4 80)x + (=5 + 30)y — 320) = 0
A2((9 —30)x + (5 —30)y —198) =0
A3y =0

A n = 1000, £ MATLAB #{ 32748 K 0 = 1,2 = 32.3750, y = 1.8750, max f(z,y) = —66.6250,
R R EUE 5K R A 0 WoCRINE 1. RIERIR) HirsEN —66.6250. @it ki i i, 56
AR B AT AR R AR DU

s.t.
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BE1

4 45k

ACEWSRH T HARKERFER R 2RI M, 10K 6 B R s BT SR RAR R MERE. 45
BR KGRIV, 25 T A RMIEAE S, EHRAISCRE, ARGk T IR EREITH RIMEE. &
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