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Problem of grey bilevel linear programming and its algorithm
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Abstract Based on the bilevel linear programming and the characteristic of grey system, a general gray

bilevel linear programming problem with its model and theorem are given. A globally convergent algorithm

based on simplex method is given to solve the drifting grey bilevel linear programming problem. Replacing

the lower level problem by its Kuhn-Tucker condition, the gray bilevel linear programming is transformed into

a gray single level programming problem, which can be transformed into a series of gray linear programming

problem by use of the dual theory. So these problems can be solved by simplex method to obtain the solution

of the gray bilevel linear programming problem. Finally, an example is adopted to verify the effectiveness of

the proposed algorithm.
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É [2−4] � ������� . ������������Ï , ����������������� , Ñ�� º ÷�ø�������� Û ��������Ì�Ï������� Û����
. ��� ���Q»����îâ�� ��� Û���� . Ã����� �¡�¢ ( �£����¤�¥ � )

Û àQá , ��� ��� Ï Û ��$�¦�¦§ �QØ�¨�©�ª�« [5] . Ï������ � ����¬�­£®�¯�°�± , ²�ª���� Û�³ � , ��´�µ£���QÌ��£����¶�·�¸�"�ª�¹�ºÛ � � ��ª�»�¼�·�½ , ��¾���Ú , � » ª�¿�è�À�Á�Â���Ã ��Ä�Û���� , Å�Æ�Ç�� � ��Ú þÈ� � ��$ � Ñ���ÉÊ
. ��� Û ��� º , ��Ë » ¿Qè�Ì , Í�����$�% º�Î�Ï ÙQÚ�¿ ,

	 ��Ð�Ñ ��ÒQÛ�Ó�Ô�Õ�Ö , µ£��� ÜQÝ  �×��� �[Ú�Ø�Ù���Ú�©�ª�� � ��$ , �£���QëQì�����$�%�©�ª� �×�� � �[Ú�Ù���� ��� Ú . ëQì Stackelberg
ê

Æ [6−7] Û�­�Û �Q	 , Á ºQ» Â�Ü�Ý Û Ñ�Þ ½Q¾ ÅQÆ���� , Ê ¶Q·�ß « ¸Q¹ ��� . �QÁQÂ ¶Q·Q¸Q¹ ���Q
 »��ÛQ¶Q·Q¸Q¹�à Ý�á ­�â ¨�ã , Å Û ËQÍ ·îâåä�ä Ê Û ÅQÆQ� Ê ( � ��å Â£��$ , � ��æ£ç ��$ )
�Qº � » ª�èé À Û�Î�Ï ÙQÚ [8], Ê ��ê�­�ë�ìQÛ�í�î . Á�ï º�ð�ñ�â�ò�óQÛ�¬�­�ë�ì�í�îQÛQ¶Q·�ß « ¸Q¹ ��� Û ����ôõ

,
	�ö

,
ð�ñ�ò�ó � ë�ìQ¶Q·�ß « ¸Q¹ ��� .

2 ÷ùøùúùûùüùýÿþ����������
�	�

1 
 ⊗
	 ë É Ê	� [9], � »���ë�ìQ¶Q·�ß « ¸Q¹�à Ý (BLPGP) 
	� � 	 :

(P1) max
x

f1(x, y) = a(⊗)x + b(⊗)y

ÎYÏ y �
(P2) max

y
f2(x, y) = c(⊗)x + d(⊗)y (1)

s.t. A(⊗)x + B(⊗)y ≤ r(⊗)

x, y ≥ 0

Ë	�	��½YÏ : f1(x, y) þ f2(x, y) �	� º BLPGP
Û Ë · ÌQÍ ·îâåä�ä Ê , x ∈ Rn1 , y ∈ Rn2 �	� º BLPGP

Û
Ë · ÌQÍ · ÅQÆQÙQÚ . ÎYÏ

a(⊗) = [a1(⊗), a2(⊗), · · · , an1
(⊗)], b(⊗) = [b1(⊗), b2(⊗), · · · , bn2

(⊗)]

c(⊗) = [c1(⊗), c2(⊗), · · · , cn1
(⊗)], d(⊗) = [d1(⊗), d2(⊗), · · · , dn2

(⊗)]

A(⊗) = [aij(⊗)]mn1
, B(⊗) = [bij(⊗)]mn2

, r(⊗) = [r1(⊗), r2(⊗), · · · , rm(⊗)]

ai(⊗) ∈ [ai, āi], bj(⊗) ∈ [bj , bj ], ci(⊗) ∈ [ci, c̄i], dj(⊗) ∈ [dj , d̄j ]

aki(⊗) ∈ [aki, āki], bkj(⊗) ∈ [bkj , bkj ], rk(⊗) = [rk, r̄k]

i = 1, 2, · · · , n1; j = 1, 2, · · · , n2; k = 1, 2, · · · , m.�	�
2 
 αi, βj , δi, γj , ρki, σkj , ζk ∈ [0, 1]

	 à Ý Û�� ôQ� Ê , � ë É Ê Û�� ô	���	� 	
ãi(⊗) = ai + αi(āi − ai), b̃j(⊗) = bj + βj(bj − bj), c̃i(⊗) = ci + δi(c̄i − ci)

d̃j(⊗) = dj + γj(dj − dj), ãki(⊗) = aki + ρki(āki − aki)

b̃kj(⊗) = bkj + σkj(bkj − bkj), rk(⊗) = rk + ζk(r̄k − rk)

ÎYÏ
i = 1, 2, · · · , n1; j = 1, 2, · · · , n2; k = 1, 2, · · · , m.

�	�
(P1) max

x
f1(x, y) = ã(⊗)x + b̃(⊗)y

ÎYÏ y �
(P2) max

y
f2(x, y) = c̃(⊗)x + d̃(⊗)y

s.t. Ã(⊗)x + B̃(⊗)y ≤ r̃(⊗)

x, y ≥ 0	
BLPGP

Û ªQÔ ¸Q¹ .
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�
BLPGP

Û �	�	� 	
S = { (x, y)|A(⊗)x + B(⊗)y ≤ r(⊗), x, y ≥ 0}, S �QË · ÅQÆQçQèQË Û	 à 	

T = {x : (x, y) ∈ S}.
ê �	!QÂ�"�ª Û x ∈ T , Í · ��� Û �	�	� 	 Ω(x) = {y |B(⊗)y ≤ r − A(⊗)x, y ≥ 0},

M(x) = {y |y ∈ arg max{f2(x, y), y ∈ Ω(x)}}
	 Í · ��� Û �	#Qù�� � , R = {(x, y) |(x, y) ∈ S, y ∈ M(x)}	

BLPGP
Û 
�Â � .�	�

3 
 ê ∀ i = 1, 2, · · · , n1; j = 1, 2, · · · , n2 Ì k = 1, 2, · · · , m
­

αi = α, βj = β, δi = δ, γj = γ, ρki = ρ, σkj = σ, ζk = ζ

�$�$%�� Û ª�Ô ¸�¹ 	 (α, β, δ, γ, ρ, σ, ζ) ª�Ô ¸�¹ ,
� 	

BLP (α, β, δ, γ, ρ, σ, ζ), Î�Ë ·ãâõä�ä Ê � ó$� �	
max f1(α, β, δ, γ, ρ, σ, ζ), Î �	�	� � 	 S(ρ, σ, ζ), Î	
�Â � � 	 R(δ, γ, ρ, σ, ζ).�	&

1 �	
�Â � R(δ, γ, ρ, σ, ζ) Ï , "�ª � ô	' Ê δ, γ, 
�Ñ�ØQÍ ¿	( :

1)
ê

∀ρ1, ρ2, σ1, σ2, ζ ∈ [0, 1], ) ρ1 ≤ ρ2, σ1 ≤ σ2, � R(ρ2, σ2, ζ) ⊆ R(ρ1, σ1, ζ);

2)
ê

∀ρ, σ, ζ1, ζ2 ∈ [0, 1], ) ζ1 ≤ ζ2, � R(ρ, σ, ζ1) ⊆ R(ρ, σ, ζ2).*	+
1) Ö	, S(ρ2, σ2, ζ) ⊆ S(ρ1, σ1, ζ). 
 à Ý Û �	�	-	. Û ' Ê �	� 	 A(ρ), B(σ), r(ζ), /	0 (x, y) ∈

S(ρ2, σ2, ζ), Ã	132 -	. Ñ :

A(ρ2)x + B(σ2)y ≤ r(ζ)

�
A(ρ1)x + B(σ1)y = A(ρ2)x + [A(ρ1) − A(ρ2)]x + B(σ2)y + [B(σ1) − B(σ2)]y

= A(ρ2)x + B(σ2)y + (ρ1 − ρ2)(Ā − A)x + (σ1 − σ2)(B̄ − B)y.

¡ 	 ρ1 ≤ ρ2, σ1 ≤ σ2, x, y ≥ 0,
â Ø A(ρ1)x + B(σ1)y ≤ A(ρ2)x + B(σ2)y ≤ r(ζ), 4 (x, y) ∈

S(ρ1, σ1, ζ), Þ�� S(ρ2, σ2, ζ) ⊆ S(ρ1, σ1, ζ).
ê �5"�ª Û5� ô$' Ê δ, γ, /$0 (x∗, y∗) ∈ R(ρ2, σ2, ζ), �

(x∗, y∗) ∈ S(ρ2, σ2, ζ), 6 ­ (x∗, y∗) ∈ S(ρ1, σ1, ζ).7 � max
y

f2(x, y) = max
n1
∑

i=1

(ci + δi(c̄i − ci))xi +
n2
∑

j=1

(dj + γj(d̄j − dj))yj , � ­

max
y

f2(x, y) = f2(x
∗, y∗) =

n1
∑

i=1

(ci + δi(c̄i − ci))x
∗

i +

n2
∑

j=1

(dj + γj(d̄j − dj))y
∗

j

7 �5"�ª$8 δ 9 γ � , :$2 , (x∗, y∗) ;$<$=?>A@$B$C f2(x, y) D S(ρ1, σ1, ζ) E$6$F$G$H$I$J , K$L
(x∗, y∗) ∈ R(ρ1, σ1, ζ), M R(ρ2, σ2, ζ) ⊆ R(ρ1, σ1, ζ).

2) /	0 (x, y) ∈ S(ρ, σ, ζ1),
7

ζ1 ≤ ζ2, N r(ζ1) ≤ r(ζ2), K A(ρ1)x + B(σ1)y ≤ r(ζ1) ≤ r(ζ2). O	P
(x, y) ∈ S(ρ, σ, ζ2), Q	R S(ρ, σ, ζ1) ⊆ S(ρ, σ, ζ2). S	T�U3V	W�X3Y	Z	C δ, γ , /	0 (x∗, y∗) ∈ R(ρ, σ, ζ1), K
(x∗, y∗) ∈ S(ρ, σ, ζ1),

7 E	[	\	]	6	L (x∗, y∗) ∈ S(ρ2, σ2, ζ).
7 V	^ 1 _ 2) W	`�a32 , (x∗, y∗) ;	<	=b>c@

B	C f2(x, y) D S(ρ, σ, ζ2) E	6	F	G	H	I	J , K (x∗, y∗) ∈ R(ρ, σ, ζ2), M R(ρ, σ, ζ1) ⊆ R(ρ, σ, ζ2).d$e
4 f α = β = δ = γ = ζ = 1, ρ = σ = 0 g , S$h$W$V$i$j$k BLP (1, 1, 1, 1, 0, 0, 1) l$m

BLPGP W	^	n	o	p , qb>c@	H	I	J	r	m max f1. f α = β = δ = γ = ζ = 0, ρ = σ = 1 g , S	h	W	V	i	j	k
BLP (0, 0, 0, 0, 1, 1, 0) l	m BLPGP W	s	t	o	p , q	H	I	J	r	m max f1.u <	=b>c@	B	C	v	F	w	x	y	E	=	z	{	W	|	}	~	� , K	L	<	�	\	] :d	�

2 D BLP (α, β, δ, γ, ρ, σ, ζ) _ , S	�	�	W α, β, δ, γ, ρ, σ, ζ ∈ [0, 1], L
max f1 ≤ max f1(α, β, δ, γ, ρ, σ, ζ) ≤ max f1.�	� � ` max f1 = max f1 (0,0,0,0,1,1,0)≤ max f1(α, β, δ, γ, ρ, σ, ζ).

7 T	o	p	W	E	<	=b>c@	B	C	�	m��� B�C�� x, y ≥ 0, α ≥ 0, β ≥ 0, δ ≥ 0, γ ≥ 0, K�L���Z�w max f1(0, 0, 0, 0, 1, 1, 0) ≤ max f1(α, β, δ, γ, 1, 1, 0).�	� m ρ, σ ∈ [0, 1], ζ ≥ 0,
7 V	^ 1 W	\	]	N R(1, 1, 0) ⊆ R(ρ, σ, 0), R(ρ, σ, 0) ⊆ R(ρ, σ, ζ),

73�	�	� W	�
Z , N	�	�	Z	w max f1(α, β, δ, γ, 1, 1, 0) ≤ max f1(α, β, δ, γ, ρ, σ, 0) ≤ max f1(α, β, δ, γ, ρ, σ, ζ), 9	E	[	�	Z
w	�	�	N :

max f1 ≤ max f1(α, β, δ, γ, ρ, σ, ζ).

� ^ � ` max f1(α, β, δ, γ, ρ, σ, ζ) ≤ max f1(1, 1, 1, 1, 0, 0, 1) = max f1. \	]	N	` .
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d	e
5 S	«	V	W α, β, δ, γ, ρ, σ, ζ ∈ [0, 1], l µ(α, β, · · · , ζ) =

max f1−max f1

max f1−max f1

m BLP (α, β, δ, γ, ρ, σ, ζ)

W	¬	�	­ , q�_ max f1 = max f1(α, β, δ, γ, ρ, σ, ζ).®	¯
1 S	«	V	W α, β, δ, γ, ρ, σ, ζ ∈ [0, 1] L µ(α, β, · · · , ζ) ∈ [0, 1].

3 °²±²³²´²µ²¶�·�¸�¹�º�»�¼
3.1 ½	¾	¿ d	ed	e

6 À	Á	p	Â	Ã	Ä	=	j	k , Å	Æb>c@	B	C	9	|	}	~	��_3W	L	t	Â	Ç	C	È	É$C	Ê$Ë	Ì	w$É	Í � C	g	O
N	G	W	j	k , M	Î α = β = δ = γ = ρ = σ = ζ = θ, q	o	p � v	F	m

(P1) max
x

f1(x, y) = aθ(⊗)x + bθ(⊗)y

q�_ y Ï
(P2) max

y
f2(x, y) = cθ(⊗)x + dθ(⊗)y (2)

s.t.











Aθ(⊗)x + Bθ(⊗)y ≤ rθ(⊗)

0 ≤ θ ≤ 1

x, y ≥ 0

l	E	[	o	p	m θ V	i	j	k , r	m BLP (θ), E	=b>c@	B	C	H	I	J	r	m max f1(θ), q	|	} � r	m S(θ),
�

�	� m R(θ). m	Ð	` BLP (θ) W	Ñ	Ò	H	I	Ï	Ó	D , «	�	P	<	Ô	Õ :Ö	× |	} � S(θ) Å	Ø	Ù	Ú	Û , S ∀x ∈ T , <	=	z	{	D Ω(x) E	L	Ü	Ê	W	H	I	Ï .Ý	Þ
1 S	�	�	W θ ∈ [0, 1], L max f1 ≤ max f1(θ) ≤ max f1.d	e
7 S	«	V	W θ ∈ [0, 1], l µ(θ) =

max f1(θ)−max f1

max f1−max f1

m BLP (θ) W	¬	�	­ ,
73ß { 1 à 0 ≤ µ(θ) ≤ 1.

d	e
8 «	V	Â	á D = [µ0, 1], â µ(θ) ∈ D, l	ã	ä	S	h	W	H	I	Ï	m BLP (θ) W	¬	�	Ï .

3.2
�	Þ ¿	å	æç	è	é	ê W GLP Ì	ë , «	� BLP (θ) W “

�	ì ­ ” í	ë .

Ê	î	ï	ð	< , o	p	W �	ì ­ 73ñ	ò S	ó	ô	V ,
�	õ è	ö	÷ ï	ð	«	� . ø	ù	¬	�	­ µ J�ú3«	� ( r	m µ0),

K	q	û	Ï	ü	ý	m :

Step1 É α = β = ζ = 1, ρ = σ = 0, û	N	H	I	J max f1; É α = β = ζ = 0, ρ = σ = 1, û	N	H	I	J
max f1.

Step2 «	V	Ê	þ θ J , û	É max f1.

Step3 ÿ	í �	ì ­ µ(θ).

Step4 â µ(θ) > µ0, ���	ÿ	í , �	�	H	I	Ï . �	K , � Step2.é	ê W GLP Ì	ë����	Å���		V�
	9���� “
�	ì ­ ” 
	û	Ï . ��� “

�	ì ­ ” Ì	ë������	L	Ï������	L u
Í��	V ì������ I	Y�	��	9	Ï�_ , O	P	Í����������	Â	Ã ��� W	y�� , í	ë��	Í	Å��� �! . "�#�$	S BLP (θ)

«	�	8	Ê���%	W	û	Ï	Ì	ë .d	�
3 S	T��	V θ J	W BLP (θ), f	E	=	«	V�&	þ x ∈ S(θ) g , y Å	<	=	j	k	W	Ï	W����	~	�	m : Ó	D

λ ≥ 0 ;	N y ¬�'	P	<	|	}	~	�






























−dθ(⊗)T + Bθ(⊗)Tλu − λv = 0

Aθ(⊗)x + Bθ(⊗)y − rθ(⊗) ≤ 0

λm+iyi = 0 , i = 1, 2, · · · , n2

λi(Ai(⊗)x + Bi(⊗)y − ri(⊗)) = 0, i = 1, 2, · · · , m

y ≥ 0

q�_ λ = [λu, λv ]T, λu = [λ1, λ2, · · · , λm]T, λv = [λm+1, λm+2, · · · , λm+n2
]T.�	� �	V θ J�( , BLP (θ) z	{�X3Y	m BLP z	{ . f	E	=	«	V�&	þ x ∈ S(θ) ( , BLP W	<	=	j	k��	Y

m���T y W*)�= ��� j�k�z�{ , Î rθ(⊗) = [r1(⊗), r2(⊗), · · · , rm(⊗)]T, Bθ(⊗) = [B1(⊗), B2(⊗), · · · , Bm(⊗)]T,
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Aθ(⊗) = [A1(⊗), A2(⊗), · · · , Am(⊗)]T,
u B	C max

y
f2(x, y) = cθ(⊗)x + dθ(⊗)y �	Y	m −min

y
(−f2(x, y)) =

−(−cθ(⊗)x − dθ(⊗)y).
7 T f2(y) ã	q	|	}	~	� ö L�7�8$W$Ê�9;:;<	C$�$m �$� B	C , K�=	j	k	D �	�	�

S(θ) E	¬�' Kuhn-Tuker ~	�	�	m����	~	� . >	h�� Kuhn-Tuker ~	� , â y ∈ S(⊗) Å	<	=	j	k	W	Ï , K	Ó
D λ = [λu, λv ]T(λu = [λ1, λ2, · · · , λm]T, λv = [λm+1, λm+2, · · · , λm+n2

]T) ;	N
∇yL(y, λ) = ∇f2(y) +

m
∑

i=1

λi∇(Ai(⊗)x + Bi(⊗)y − ri(⊗)) −

m+n2
∑

i=m+1

λi∇yi = 0

Aθ(⊗)x + Bθ(⊗)y − rθ(⊗) ≤ 0

λ ≥ 0

λi(Ai(⊗)x + Bi(⊗)y − ri(⊗)) = 0, i = 1, 2, · · · , m

q�_ L(y, λ) m L(y, λ) = f2(y) +
m
∑

i=1

λi(Ai(⊗)x + Bi(⊗)y − ri(⊗)) −
m+n2
∑

i=m+1

λiyi.

Y�?	E	[	w�@	M � N	�	\	] .Ý	Þ
2 S	T BLP (θ) z	{ , �	<	=	j	k	W K-T ~	��
�A�B	<	=	j	k	z	{ , K	o	p��	Y	m	ø	<�C�D�E	w

W�)	=	j	k :

max
x,y,λ

f1(x, y) = aθ(⊗)x + bθ(⊗)y































−dθ(⊗)T + Bθ(⊗)Tλu − λv = 0

Aθ(⊗)x + Bθ(⊗)y − rθ(⊗) ≤ 0

λm+iyi = 0 , i = 1, 2, · · · , n2

λi(Ai(⊗)x + Bi(⊗)y − ri(⊗)) = 0, i = 1, 2, · · · , m

x, y ≥ 0, λ ≥ 0

<	=	j	k	z	{	W	S�F	W �	� Ï	Û	m V = {−dθ(⊗)T+Bθ(⊗)Tλu−λv = 0, λ ≥ 0}. G�H V Å	L	t	W ,
73�

� j�k�W�^�]�à V I*J�L�L*K�þ*L*M . N*� ��� j�k�W�Ì�ë�N�G V W�O�L*L*M , r�m V E = {λ1, λ2, · · · , λt}.

��O�P � P u E	[	z	{��	Y	m	Ê	Z�Q	W �	� j	k	z	{ LP (λi), i = 1, 2, · · · , t.
� m S 9 R Å	Ø	Ù	L	t	W ,

�
=	S	T i = 1, 2, · · · , t, z	{ LP (λi) L	H	I	Ï , Î I ∈ {1, 2, · · · , t}, K	Ó	D i ∈ I ;	N	z	{ LP (λi) L	H	I	Ï ,

r	m (xi, yi), H	I	J	r	m f1(x
i, yi), Î F (xk, yk) = max{f1(x

i, yi) |i ∈ I }.
� = � P	N	G	<	�	W	\	] :d	�

4 (xk, yk) Å	À	Á	p	Â	Ã	j	k	z	{ (2) W	H	I	Ï .7SR ] 1 à , â BLP (θ) z	{	Ó	D �	� Ï , K	qb>c@	B	C	H	I	J	Ê	V	L	t , � θ W	É	J	ô	V	8	o	p	Wb>
@	I	Y	J .

u
θ É	J	x	y	Å	S [0,1] T�U	W���V , T�U���V	N�W�X , O	N	G	Wb>c@	B	C	J�W�Y;Z	B$C	H$I	J ,

Î max f1 = max{f1(θ1), f1(θ2), · · · , f1(θn)}, θi = i/n, i = 0, 1, 2, · · · , n.
õ è \	ù�[��	J	W��	û�
��	V n W

É	J .õ è P	E�\	] , û	Ï BLPGP z	{	W	í	ë ��] [	ø	< :

Step1 ^�_	�	T θ W	À	Á	o	p����	Y	m�)	=	j	k	o	p , Î i = 0, max f1 = 0.

Step2 Î θ = i/n, � �	� j	k	Ì	ë�
�`	N V W	O	L�L�M V E = {λ1, λ2, · · · , λt}, � ��a )	=	j	k	o	p
LP (λk), k = 1, 2, · · · , t.

Step3 ��b���)�c�E	ë	û	Ï	z	{ LP (λk), k = 1, 2, · · · , t. ø	ù��	L �	� Ï , r	H	I	Ï	m (0, 0), H	I	J
m max fk

1 (θi) = −∞; �	K	r	H	I	Ï	m (xk
i , yk

i ), H	I	J	m max fk
1 (θi).

Step4 Î max f1(θi) = max{max fk
1 (θi) |k = 1, 2, · · · , t}, S	h	W	H	I	Ï	r	m (x∗

i , y
∗

i ). ø	ù max f1 <

max f1(θi), Î max f1 = max f1(θi), (x, y) = (x∗

i , y
∗

i ); i = i + 1.

Step5 f i < n g , � Step2; f i = n g , �	�	H	I	J max f1 9	H	I	Ï (x, y).

E	[	í	ë�d	n	D MATLAB e	�	E� �f .

3.3 g�h�i�j�k�l�mç	è Ô	Õ	~	� : |	} � S(θ) Å	Ø	Ù	Ú	Û , S ∀x ∈ T , <	=	z	{	D Ω(x) E	L	Ü	Ê	W	H	I	Ï , nS#�o [8]

à , BLP (θ) z	{	Ó	D	Ñ	Ò	H	I	Ï , Í�p	Õ	m (x∗, y∗). S	T	«	V	W θ J , BLP (θ) z	{��	Y	m BLP z	{ . n
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T	|	} � S Å	Ø	Ù	Ú	Û , K R Å�q�7��	W , Q	R BLP Ê	V	L	Ñ	Ò	H	I	Ï , � � D S W	E�r�M	E�s	G [7]. n
T V m	<	=	j	k	z	{	W	S�F	W �	� Ï$Û , n �	� j	k	S�F	^	]	à , V W�r�M�t	Å S W�r�M [10].

� = , nS)
=	j	k	^	]	9	V	^ 4 à , u	T K-T ~	�	O	N	G	W	H	I	Ï	m	Ñ	Ò	H	I	Ï .

S θ W$É$J;T;U �$� n C;� , Î θi = i/n, r θi J$O$S$h$W$Ñ$Ò$H$I$Ï$m (x∗

i , y
∗

i ). Í;p u θ x$y
BLP (θ) z	{	W	Ê	þ	ô�v�w�x ,

ç	è R ] 2,
u

BLP (θ) z	{��	Y	m�)	=	Ä�y	j	k , Õ	q	|	} � m S′(θ), K
S′(θ) m	Ê	þ	Ø	Ù{z3Û . Õ S(θi) m�� θi S S′(θ)

�	� ��V	O	N	G	W�V�|	� , G�H S(θi) t	Å	Ê	þ	Ø	Ù{z3Û ,

� S(θi) W�r�M	D S′(θ) W	�	E . n �	� j	k	W	^	]	à , S	T�U3V	W θi, (x∗

i , y
∗

i ) }	D S(θi) W�r�M	E	N	G , K
(x∗

i , y
∗

i ) Å S(θi) W�r�M , t	D S′(θ) W	�	E . Í�p	D S′(θ) W	v	�	E�~	Ê	~�7�8	W{� � l(θ), ;	N	O	L	W�r
(x∗

i , y
∗

i ) 9	Ñ	Ò	H	I	Ï (x∗, y∗) �����	~{� � E , Õ�M (x∗, y∗) O	S	h	W�| � T S(θi) W�V�|	�	m S(θ∗), n
T l(θ) Å�7�8	W{� � , K	Ó	D��	C δ > 0, ;	N	f |θk − θ∗| < δ g	L (x∗

k , y∗

k) → (x∗, y∗), n W	É	J����	¬�'
~	� n > 1/δ, P � P�s	G���O	W θ J	9	S	h	W	Ñ	Ò	H	I	Ï .

� =��	í	ë ö L	Ñ	Ò���� � .

3.4 å��
<	����"�#��	�	W����	Ì	ë�
	û	Ï	í�� .

(P1) max
x

f1(x, y) = a(⊗)x + b(⊗)y

q�_ y Ï
(P2) max

y
f2(x, y) = c(⊗)x + d(⊗)y (3)

s.t.











e(⊗)x + f(⊗)y ≤ 320

g(⊗)x + h(⊗)y ≤ −198

x, y ≥ 0

q�_
a(⊗) ∈ [−5,−2], b(⊗) ∈ [−2,−1], c(⊗) ∈ [−6,−2], d(⊗) ∈ [−3,−1],

e(⊗) ∈ [2, 10], f(⊗) ∈ [−5,−2], g(⊗) ∈ [−9,−6], h(⊗) ∈ [−5,−2].� ^�_	À	Á	o	p :

ã(⊗) = −5 + 3θ, b̃(⊗) = −2 + θ, c̃(⊗) = −6 + 4θ, d̃(⊗) = −3 + 2θ

ẽ(⊗) = 2 + 8θ, f̃(⊗) = −5 + 3θ, g̃(⊗) = −9 + 3θ, h̃(⊗) = −5 + 3θ

I “ ����� ” �	æ
«$V µ0 = 0.6, É θ = 0.5, Ï$N max f1 = −39.6000, max f1 = −165.6250, E$=?>A@$B$C$H$I$J$m

max f1 = −84.8571, <	=b>c@	B	C	H	I	J	m max f2 = −113.1428(x, y) = (0.0000, 54.5714). ÿ	í �	ì ­	N ,

µθ = 0.6408, G�H µθ > µ0 ,
� = , o	p	Wb>c@	H	I	J	m −84.8571.

II ����� “ ����� ” �	æu À	Á	o	p�A a (3) ���	Y	m�C�D	o	p
max f(x, y) = (−5 + 3θ)x + (−2 + θ)y

s.t.



























































(2 + 8θ)x + (−5 + 3θ)y ≤ 320

(−9 + 3θ)x + (−5 + 3θ) ≤ −198

x, y ≥ 0

(5 − 3θ)λ1 + (5 − 3θ)λ2 + λ3 = 3 − 2θ

λ1, λ2, λ3 ≥ 0

λ1((2 + 8θ)x + (−5 + 3θ)y − 320) = 0

λ2((9 − 3θ)x + (5 − 3θ)y − 198) = 0

λ3y = 0

Î n = 1000, D MATLAB e	�	E�� � \	ù	m θ = 1,x = 32.3750, y = 1.8750, max f(x, y) = −66.6250,

>c@	B	C	J	ã	Â	Ã	Z	C θ W	�	Z	ø�� 1.
� =	o	p	Wb>c@	H	I	J	m −66.6250. ��		E	[����	Ì	ë	W{�S� , �

Ä��	í	ë ö L �	�	� 9�[��	Ï	W	I�M .
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"�#���y��	�	8 ö L	Â	Ã�� � W	Ä$= �	� j	k$z	{ , R	Â	Ã	W�� � «	z	{	W	û	Ï � 
����	W;�	­ . \� 

)	=	Â	Ã �	� j	k	z	{ , «	�	8	L	�	W�u�"	V�
¢¡ V	^�£�¤	�	í	ë , L�¥�¦�§�¨	8	Â	Ã�� � O � 
	W��	­ . H
( , N������	Ì	ë	S	í�� �	� 8	û	Ï , �	��©	`	8	í	ë	W	L�¥ � .
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