
�
34 � � 3 � ����������	�
���� Vol.34, No.3

2014 
 3 � Systems Engineering — Theory & Practice Mar., 2014

�������
: 1000-6788(2014)03-0710-07 ������� � : F014.31

���������
: A

������ �!�"�#�$�%�&('�)(*(+�,(-(.�/(0(1�2(3
46587

1,2, 96:<; 1

(1. =�>�?A@CB�D�E�FA@�G , >�H 210096; 2. >�H�I�B�?A@KJ�L�MA@�@�G , >�H 210046)N OQPSRUTUVXWUYUZS[X\U]U^`_Ua`b
, cUdUeUfUg TXWUYUaUbShjilk ; mUnUoUpUqUrUsUt hXuv

, wSx TXyUz pUqUrU{U|U}`~U�`p`qU� , �U~U�UpUqU�U�U�U�U�U� hj�U�`�U�l� � ; mUnUoU�U�
sUt hXu v , wSx T �U� hX�U�U� �U�U�UoU� hX�U� {U�U�U�U�U� hUVX�S� � ; �U�UpUqUrU�U�U�
sUt hX�S�X�U�Uu v , �U� TX�S X¡S¢X£U�U¤S¥UhU¦X§S¨XuU©Uª , «U¬ RX©UªS­X®U¯S° �U±U²U³U´ .©Uª ³U´UµSx , �U� hX¶U·U£U�U¤S¥ � : oU�S¸X¹UºU» , �U�U¼U½ h � ¶U¾U� � hU¿X£U£U�U¤S¥ ; o
�UÀU¹UºU» , �U�U¼U½UÁ �U£U�U¤S¥ . ÂU³U´Uo �S X¡S¢X£U�UÃ c ¦X£ShXÄSÅX^UÆ .ÇUÈUÉÊ�S X¡S¢

;
¨XuS°

; ËXÌ ¯UÍ ;
�U�UÎ

Study of pricing policy of information goods on the basis of
nonlinear marginal willingness to pay

ZHOU Mu-sheng1,2, ZHANG Yu-lin1

(1. School of Economics and Management, Southeast University, Nanjing 210096, China; 2. School of Applied Mathematics,

Nanjing University of Finance and Economics, Nanjing 210046, China)

Abstract Firstly, this paper puts forward the assumption of customers’ nonlinear marginal willingness to

pay, which can overcome the shortcomings of the linear assumption. Secondly, this paper proves that every

customer has the strictly increasing ideal consumption. Thirdly, this paper demonstrates both version

quality and price for manufacturer are non-decreasing function. Finally, this paper establishes the general

variational policy model of information goods using dynamic game theory to analyze the behavior of

customers and firms. The result shows that the best pricing policy is that for high-end customers, we can

take maximum quality and fixed pricing strategy, while for low-end customers, we should take variable

pricing strategy according to the quality. These theories have guiding significance for the information

goods’ pricing strategy.
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1 ÏÑÐÒUÓUÔUÕ
, ÖU×UØUÙUÚUÛUÜUÝUÞUßUàUáUâUãUäUåUæUçSèXéUêUëUìUíUÙUî Õ , ïUðUñUÖUòUóUôöõø÷UùUóUôöõúUû ßUüUý ÔUÕ õÿþ�� ÔUÕ õÿå������UóUô�� .

ÒUÓUÔUÕ Ù�������	�
UßUàUá���
 , �����U�����UÙ��Uä [1].

Internet � ÒUÓUÔUÕ 
��U��������� , ���Uä��UåUæUçSèXêUëUìUí [2]. ������ �!�"�#UÙ�$�%�&�%UßUà�'�() ðUñUÖUòUÙ�*�+�,�- , .�/ ÒUÓUÔUÕ ïUßUà�0�1öõ ðUñ�0�2öõ ÷UùUóUô���3�4�5�6�7U×�8�9�: , �Uã , ;U�
ÙU��< ÔUÕ ï�=�>öõ@?�Aöõ@B�C���D�E�F��UÞ�G�HUßUàUáUÙ�I�J [3].K �U� ÔUÕ�L�M ,

ÒUÓUÔUÕ�N�O�P Ù�Q�RUÚ�S�T�U�V�W : X�Y�Z�T�U , [�\�]�T�U . ^Uï , _�`UÛ�a�b�c
ÝUä�d�	�e�fUß�g�h�i , j���k�a�b�c�l�_Uå�m�n�o`ÙpT�Upq�rp
�B . s�t , ;U�UÙ�\�]�T�U�u���v�4xw�yz�{�| ÒUÓUÔUÕ

[4−6].

å ÒUÓUÔUÕ�}�~ o , �UîUÙ�� Ô ä���Z�����_ , �UîUä���&���[UÙ�T�U������ Ô ; ��� K Û�� ÒUÓUÔUÕ ,� y K Ù������UÝUä���y K Ù�� { . k��������UîUÙ�u��Uë�
������������p� { Ùp��� [7−9]. s�t ,
ÒUÓUÔ
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�
3 � ª�«�¬ , È : ¤�É�Ê�Ë�Ì�Í�Î�Ï�Ð�Ñ�Ò�Ó�Ô�Õ�Ö�×�Ø�Ù�Ú�Û�µÜ¶ 711

Õ �Uî���	�ÝUü������ �UÒUÓUÔUÕ Ù�� {�Þ u�� , â�ßUÝUä�à�á�â�ã�������ä�å , &U��æèçêé�ë�ìUÙ N .Uá .í | ������� { Ù�u���î�ï , ÚUÛ�ð���ñ�ò�1 . æU��ó , �Uî�yUÝUä�ô�õ���ö��������UÙ�÷���ø�ù , s�tU��ú
Ûpûp�pñpòp1`Úpy`Ý`ë`Ù , jp�`î`äp�püpýp�p�p�p�pøpù`Ùp÷p�p�pþ , ÿ`Ö`×��pã��pûp�pñpòp1 , �pú��pU
î�ï . ��ú���U�î�ïUÙ����UÚ��UîUä�� �����UÔUÕ (flagship) Ù���/UêUë�	��UÙ���
 [10−11].

� {�� ßUÚ ÒUÓUÔUÕ up�UÙ N���
 s�� . �������UÙ���� , ��.�a���� í | ����� {�� ß���� . å����
� {�� ß������ , Bhargava

)
Choudhary[12] ����� ÒUÓUÔUÕ Ù���U�îpï , ����
 , ï� �!���" � ß�����#

Ù , ã�$�û ÔUÕ ÷���%�XUÙ�ë�ì�T�U L'& ,
ÒUÓUÔUÕ �Uî���(�)�*�+�$�,�-�.���/�0�+ ; Jing[13] ������1�2

-�.�+43'5�6�7 , ����8 , 9�:�;43'5�6�7�<�=�� , >�?�@�A�B�C�D�(�E�F�G�H�I�J���/�0�+ , K4L'F�I�J�MN 7�F�O�P�Q�R�J , S�T�D�E�S�U�V�W�X�E�I�J�Y�Z ; Chen X Seshadri[1] [�\�]�1�2 -�.�+�^�_�`�a�b , cd 8 , @�A�; 1�2 -�.�e�f�g�h�M & , i�j�k�:�;�l�m�n�o�+�^�_�p�q [14]. ;�r�<�=�s , @�A�t�u�G�,�M Nv�w�x /�y�z�{�|�+ . }�~���� , � x���� o�����C�G���+���U�� , ���4L'����U�����F�����U����4�'6�S�h
M , E�����U�t�u�*�H�����I�J .� `�6�S�������������������h�+������� �¡ , K�P�Q�¢�£���¤ x�¥�¦ + . P�Q�¢�£���¤�§�+ x �����¨�©�ª�« )�¬�o���­ ¨�© +�¢�£ , ® x P�Q�6�S�+�M�¯�°�� . ±�t4L , ������+�P�Q�¢�£���¤���² d 8 x�³´ + [14]. J�µ�¶�· ] � `�6�S�������� , ��}�~�¸ ]�¹ s�º�» :

1) ­�y�¼�½�¾ x�¿ O�À�Á�*�Â�`�o�+�6�S�����Ã�Ä , ® ¨�© ] W�Å�+�Æ�Ç�È�É�X�W�Å�Ê�Ë�¼�Ì�+���Í
` [15];

2) Î�Ï���C�Ð�� , S�T�Ñ�Ò�������+�n�o�` , ®4Ó'T�Ô�+�Õ�Ö�µ�»�S�P�Q�¢�£���¤�×�Ø�������n�o�`�Ù
0 , Ú�8�*�Û�P�Q�¢�£���¤�{ ¦ , Ü�������Ý�n���Þ�ß�S�{ ¦ +�§�à © T�á�� ;

3) ��â���������u�8�+�ã�ä , å4æ ]�ç ¬�������¾�:�;�è�é������ , ê�è�é������ x ��C�Ð���+�ë N ³¨ ��� ;

4) ��â���@�A�u�8�+�ã�ä , å4æ ] @�A�+�I�J�o���ì�K���7�+�M N ¾ x ��C�Ð���+�í ´ ��� ;

5) ��â���������@�A�u�8�+�î�ï�ð�ñ�ã�ä , ò�ó ]�1�2 -�.�ô�õ�+�*�Â ¦ ã�W�Å , ·� �Ã�Ä�@�A�+�/�0
I�J�ô�õ . @�A�+�/�0�I�J�ô�õ x : ��O�E���S�U , @�A�ö�÷�+ x /�ø�o���+úùûh�h�M�ô�õ ; ��O�F���S�U ,

@�A�ö�÷���o�h�M�ô�õ . ®�� 1�2 -�.�h�M�}�y�*�h�+�§�ü���ý .

½�µ�+�K�þ�_�ã�ÿ�� ¹ s : ����_�ã , ������u�8�ã�ä ; ����_�ã , @�A�u�8�ã�ä ; ����_�ã , ������@�A
+���á�ã�ä ; ����_�ã , ¼�� .

2 	�
���
������� @�A�t���I�J�ô�õ , ��� 1�2 -�.�����+�����Ú���y���H , ��������H�~�Ý�n�� I�J�o���T�ì�I�J�MN
. ��Ô�Õ�Ö�+�µ�»���T������4ù'h�+�P�Q�¢�£���¤�������������H�~�Ý�n . J�µ�����������+�P�Q�¢�£��

¤�� x { ¦ + . 8 ]���� ������+�H�~�Ý�n , J�µ�Î�Ï���C�Ð�� θ( K4L θ ; [0, 1] k�÷�¯ ), ��������O� �h
+������ , θ ¯ x ²�� ; ��O ¥�! +������ , θ "�ø , K�Õ�7�+�P�Q�¢�£���¤���"�ø . ��O�@�A� �¡ , #'O θ ÷
¯ ¥ {�$�% , & θ

x�'�(�¦ � , )�K�; [0, 1] k�+�ã�*�+�°�����8 f(θ).

8 ]�, O�ã�ä , ) s(0 < s ≤ s̄) ×�Ø 1�2 -�.�+�I�J�o�� , s̄ ×�Ø�/�ø�o�� ; w(θ, s, q) ×�Ø θ Å������
��� ] q )�¬�o���8 s 1�2 -�.�-�+�P�Q�¢�£���¤ ; U(θ, s, q) ×�Ø θ Å���������� ] q )�¬�o���8 s 1�2
-�.�-�+�.�+�¢�£���¤ . ����� w(θ, s, q)

x o�� s + ³ ¨ ��� ,
x ����� q + ³�´ ��� ,  �ê�:�;���*�H�/0�1

, 9���������2�â�®�H�/ 0�1 - , P�Q�¢�£���¤�8�3 .4�5
, ��O�6�h�+�o�� s, w(θ, s, q) g U(θ, s, q) y ¹ s�Ö�7 :

U(θ, s, q) =

∫ q

0

w(θ, s, x)dx (1)

8 8�è�`������ , *�Û ª�« ]�9 H�I�J , � ¥�x Þ�:���� ( Ú�8�â������ , P�Q�6�S�8�3 ),   x ��6�S�/
ø Ç<; Ü � � . Ú r , 6 h o � s, ç H � � � ¾ y * H / 0�� ��� ,

¥<= ) 8 q∗(θ, s), ê À Á : ∂U(θ,s,q)
∂q

|q=q∗(θ,s)

= 0, � :

w(θ, s, q∗(θ, s)) = 0 (2)

r�- , θ Å������ ª�« o���8 s 1�2 -�.�­�Ã�6�S�8 U(θ, s, q∗(θ, s)).
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J�K T�k�ã�ä , {�Ã w(θ, s, q) ;�À�Á 0 < q ≤ q∗(θ, s) - , }�y ¹ s�`�o :

w1(θ, s, q) = 0, ∀0 < θ ≤ 1 (3)

w2(θ, s, q) > 0, ∀0 < s ≤ s̄ (4)

w3(θ, s, q) < 0, ∀0 ≤ q ≤ q∗(θ, s) (5)

8 ] ·�*�L�ã�ä�+�M�� , ®�N���� w(θ, s, q) O�À�Á :

w12(θ, s, q) > 0, ∀θ ∈ [0, 1], q ≤ q∗(θ, s) (6)

K4L w1(θ, s, q) ×�Ø ∂w(θ, s, q)/∂θ, w12(θ, s, q) ×�Ø ∂2w(θ, s, q)/∂θ∂s, K�P�Q�R�������ü���Ê�Ë�S�T�×�Ø ,

T�U ¥�V �4æ .WYX
1 (a) ��OYZ��Y6�h�+ s, y ∂

∂θ
q∗(θ, s) > 0 � ∂

∂θ
U(θ, s, q∗(θ, s)) > 0; (b) ��OYZ��Y6�h�+ θ, y

∂
∂s

q∗(θ, s) > 0 � ∂
∂s

U(θ, s, q∗(θ, s)) > 0.

­�y�h�è�å4æ\[�]�^ , T�U ¥�V �4æ . _�h�è�×4æ , ��O�Z���6�h�+�o�� , `���+�è�é�������ì�K���7�+
/�ø�¢�£���¤�¾ x θ +�ë N ¨ ��� . Ú�8 θ Ñ�Ò�+ x `���¢�£���C�øYa , ��C�ø�+�K�/�ø�¢�£���¤Y��Õ�7
ø ; ��O�Z���6�h�+���C�Ð�� , `���+�è�é�������ì�K���7�+�/�ø�¢�£���¤�¾ x o���+�ë N ¨ ��� .

3 b�c�
������
��� 1�2 -�.�>�?�@�A�d�e�f θ +�ã�*�X w(θ, s, q) +�����g�h ,

¥ e�f���h�`���+ θ ÷�¯ . @�A�{��
1�2 -�.���o���·�u�Z���ã�i , ê�ã�i�+�R�J�í�²�a ,

¥�= ��h�8�²�� c. ��@�A� �¡ , h�M�u�8�����j�k�G
H�l�mon\p : ��U���+�p�q�T�ì�;���U���k�q�h�o���M NYr�sYt ) ( ��I�J ).

¥�= ) [θ, 1] 8�@�A�+�u�p��
U�� , (s(θ), p(θ)), θ ∈ [θ, 1] ×�Ø�@�A�8 θ Å�`���q�h�+�I�J , s(θ) 8�I�J�o�� , p(θ) 8�Õ�7�+�I�J�M N .

@�A��� ���­�v�h�+�I�J�Ã�T�w�x , y�z�À�Á ¹ s�G�H�{�| :

U(θ, s(θ), q∗(θ, s(θ))) − p(θ) = max
x

U(θ, s(x), q∗(θ, s(x))) − p(x), ∀θ (7)

U(θ, s(θ), q∗(θ, s(θ))) − p(θ) ≥ 0, ∀θ (8)

K4L (7) h�×�Ø θ Å�������p�q�+�I�J (s(θ), p(θ))
x ­�y�p�q4L'+�/�0�p�q , }�8�~���Õ�p���� (incentive

compatibility condition, ��} IC ��� ); (8) h�×�Ø������ � ª�« , K�����þ ¥ È�a�O 0, }�8�������Ð�g�{
| (participation constraints, ��} PC ��� ).

#\��5�h�è :
d

dθ
[U(θ, s(θ), q∗(θ, s(θ))) − p(θ)] =

∂

∂x
[U(θ, s(x), q∗(θ, s(x))) − p(x)]

∣

∣

∣

∣

x=θ

(9)

� :

ṗ(θ) = U2(θ, s(θ), q
∗(θ, s(θ))) · ṡ(θ) (10)

K4L ṗ(θ) ×�Ø dp

dθ
, K�P�*�R�������ü���Ë���S�T�×�Ø ,

¥�V �����4æ . (10) h�×4æ , 6�h�o��o� � s(θ), MN � � p(θ) { '��  �h .W�X
2 Z���À�Á IC � PC +�I�J (s(θ), p(θ)), y :

ds(θ)

dθ
≥ 0,

dp(θ)

dθ
≥ 0,

dU(θ, q(θ)) − p(θ)

dθ
> 0 (11)

_�h�è�×4æ , ��C�Ð�� θ "�ø , @�A�8�K�D���+�I�J�o�� s(θ) ��"�ø ,
! - , ��7�+�I�J�M N g��������

þ�� '�� ¨�© . ��¡ � , ��C�Ð���ø�+������ , ����Ù�E�+�I�J�o�� . ®�8�@�A�·�u 1�2 -�.�h�M�D���Ð�j .

4 	�
���b�c����@�@���
4.1 �����������

@�A�+�h�M�u�8�g�������+�p�q�u�8�{�T�� 8�x *�H�î�ï�ð�ñ�â�� , }�~�8�@�A���D�Ä�o���M N�r�s�t
) , ����� V J�K 6�S���þ�/�ø�Ç���p�q�/�0 t ) . _�î�ï�ð�ñ�{o#'s���W�Å�×�Ø :

max
s(·),p(·),θ

π =

∫ 1

θ

(p(θ) − c)f(θ)dθ − c0

s.t.











ṗ(θ) − U2(θ, s(θ), q
∗(θ, s(θ))) · ṡ(θ) = 0, ∀θ ∈ [θ, 1]

U(θ, s(θ), q∗(θ, s(θ)) − p(θ)) ≥ 0, ∀θ ∈ [θ, 1]

s(θ) ≤ s̄, ∀θ ∈ [θ, 1]

(12)
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K4L c0 ×�Ø�*�¸�`�e�f�R�J , θ
x ��� ¦ � , s(θ), p(θ)

x�¹�º�¦ � . (12)
x I�J�ô�õ�+�*�Â ¦ ã�W�Å .

��O�Z���6�h�+�I�J s, p, θ Å�`���+�6�S�8 U(θ, s, q∗(θ, s)), ê�d�8 θ g s +���� ,
¥�= ��)�8 V (θ, s),

� :

V (θ, s) = U(θ, s, q∗(θ, s)) (13)J�K h�è 2, ����������þ V (θ, s(θ)) − p(θ)
x

θ + ¨ ��� , &�h (8) »�M�8 :

V (θ, s(θ)) − p(θ) = 0 (14)¼ s
(10) � (13) � (14), l�� (12) {���Ç�8 :

max
s(·),p(·),θ

π =

∫ 1

θ

(p(θ) − c)f(θ)dθ − c0

s.t.











ṗ(θ) − V2(θ, s(θ)) · ṡ(θ) = 0, ∀θ ∈ [θ, 1]

V (θ, s(θ)) − p(θ) = 0, ∀θ ∈ [θ, 1]

s(θ) ≤ s̄, ∀θ ∈ [θ, 1]

(15)

4.2 ½�¾ θ ¿�À W
6�h�Z���+�I�J s(θ), p(θ), θ M�Á�Ã�@�A�z�Â�/�ø�Ç . Ã :

L =

∫ 1

θ

(p(θ) − c)f(θ)dθ − c0 + µ(V (θ, s(θ)) − p(θ)) = 0 (16)

Ü θ Á�Ã�z�Â�/�ø�Ç�����8 :

−(p(θ) − c)f(θ) + µ(V (θ, s(θ)) − p(θ)) = 0 (17)Ä l�� (17), {�Ê�Ë�Ä�/�0�+ θ.

4.3 ½�¾���� (s(θ), p(θ)) ¿�À W
l�� (15)

x *�H�Å�Æ ¦ ã�a�b�W�Å , #'h�è 2, o��o� � s(θ)
x

θ +�í ´ ��� , &�I�J�o���+�Ç�Æ�È�¯
� ��É 8�²�� s̄, Ê�Æ�È�¯o� � #\Ë�Ì�l��� �h . 8 ] ·�*�L [�\ +�l , , ®�N�S sl(θ) � sr(θ) ã���×�Ø�I�J
o���+�Ê�Ç�È�¯o� � , S pl(θ) � pr(θ) ã���×�Ø�I�J�M N +�Ê�Ç�È�¯o� � .

Ã�Í�+�Î�Ï�����8 :

H = (p(θ) − c)f(θ) + λ(θ)(ṗθ − V2(θ, s(θ)) · ṡ(θ)) (18)

{�Ã :


























∂H

∂p
= f(θ),

∂H

∂̇p
= λ(θ),

d

dθ

(

∂H

∂ṗ

)

= λ̇(θ)

∂H

∂s
= −λ(θ)V22(θ, s(θ)),

∂H

∂ṡ
= −λ(θ)V2(θ, s(θ))

d

dθ

(

∂H

∂ṡ

)

= −λ̇(θ)V2(θ, s(θ)) − λ(θ)(V21(θ, s(θ)) + V22(θ, s(θ))) · ṡ(θ)

(19)

Ð k�h�Ñ�Ï�Ë�Ì�l�� ∂H
∂p

− d
dθ

(∂H
∂ṗ

) = 0, ∂H
∂s

− d
dθ

(∂H
∂ṡ

) = 0, Ã :
{

λ̇(θ) = f(θ)

f(θ)V2(θ, s(θ)) + λ(θ)(V21(θ, s(θ)) + V22(θ, s(θ)) · ṡ(θ)) − λ(θ)V22(θ, s(θ)) = 0
(20)

Ä Ä (20), {�Ã�I�J�o���+�Ê�Æ�È�¯o� � sl(θ), K4L θ ≤ θ ≤ τ .

#\Å�Æ ¦ ã�è�½�{�e , I�J�o��o� � ;�/ 0�1 τ Ò x l�m�{�ü�+ , � :

sl(τ) = sr(τ) = s̄,
d

dθ
sl(θ)

∣

∣

∣

∣

θ=τ

=
d

dθ
sr(θ)

∣

∣

∣

∣

θ=τ

= 0 (21)

z�S�h (22) Ê�Ë�Ä τ ì sl(θ) L'+�u�h�Ð�� ,
¼ s

(20) � (21), /�0�I�J�o��o� � 8 :

s(θ) =

{

sl(θ), θ ≤ θ ≤ τ

s̄, τ < θ ≤ 1
(22)

K4L sl(θ) # (20) h� �h , Õ�7�+�/�0�I�J�M N � � {�×�Ø ¹ s :

p(θ) =

{

pl(θ), θ ≤ θ ≤ τ

p̄, τ < θ ≤ s̄
(23)
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K4L pl(θ) # (10) h ṗ(θ) = V2(θ, s(θ)) · ṡ(θ)  �h , pl(θ) L'+�u�h�Ð���X p̄ #'M N È�¯o� � ;�/ 0�1 τ Ò
+�l�m�{�ü�`�o� �h , �o#

pl(τ) = pr(τ) = p̄,
d

dθ
pl(θ)

∣

∣

∣

∣

θ=τ

=
d

dθ
pr(θ)

∣

∣

∣

∣

θ=τ

= 0 (24)

 �h .Ó
r , W�Å (15) +�Ê�ËoÔ\Õ�Ö�R , W�Å�¼�Ìo# (22) � (23) ×�Ø . _�¼�Ì�×4æ , @�A�t���G�S�h�M�ô�õ , �

��E�����U���ö�÷�/�ø�o���+4ù'h�h�M�ô�õ ; ��O�F���S�U�� , ö�÷�+ x ��o�h�M�ô�õ , ��ê ,
' ����C�+ ´×

, @�A�D���+�o���g�M N ¾�Õ�7�+ ´ × . _�¼�Ì�g�ø�Q�� 1�2 -�.�h�M�W�h�í�²�Õ�T .

5 Ø�Ù
J�µ�D�Ä ] í � ` ³�´ +�P�Q�¢�£���¤���� , ®�g�Õ�Ú�Û ¿ J���� “ P�Q�6�S ³�´ V�Ü ” Ö�Ý�*�Þ , ®�y

6�ß�à�á ] � `�����+ ¥ Á . ������u�8�ã�ä�×4æ , ��������~���Õ�p�{�|�X�������Ð�g�{Y|�p�q�I�J , �
ê�À�Á�®�G�H�{�|�+�I�J�o���X�M N ¾ x ��C�Ð���+�í ´ ��� ; ç H�������¾�yãâ\ä'+�è�é������ , ��ê '
����C�Ð���+ ¨ ø , ������Ù ©�å w 1�2 -�.�+�o�� . ®�G 1 8�@�A�q�h 1�2 -�.�M N D�� ] å ��æ K .

J�µ�ç�y�è�ò�}�~�+�6�S���� ,   x�é À�Á ¿ J�`�o�+�*�Â�6�S�����Ä�f , ��â���������u�8�g�@�A�u
8�+�ð�ñ�ã�ä , ò�ó ]�1�2 -�.�h�M�+ ¦ ã�W�Å . ® ¨�© ] W�Å�+�Æ�Ç�È�É�X�W�Å�¼�Ì�+���Í�` . W�Å�Ê�Ë
¼�Ì�×úæ , @�A�+�/�0�h�M�ô�õ x : ��O�E���S�U , @�A�ö�÷�+ x /�ø�o���+úùûh�h�M�ô�õ ; ��O�F���S�U ,

@�A�ö�÷���o�h�M�ô�õ . ®�� 1�2 -�.�h�M�}�y�*�h�+�§�ü���ý .

J�µ�+ [�\ ×úæ , Q�I�J�h�M�ô�õ�0�OYÅ�I�J�h�M�ô�õ , @�A�ãYi�+�I�JY"YQY"�y�z�{�| . tYêúL , Z
� 1�2 -�. ¥ {�È�ë�Þ�:�ã�i , ì�t�{�u�+�¸�ß x S�y�:�H�I�J�·�u�í�T�î�Ñ . ®�� Ä�ï ] 8�ð�ñ�ò�Q 1�2
-�.�tY�YQ�I�J�h�M�ô�õ . Ó ¹ Windows 7 óõôûi�j�+�yYQYöY÷�H ¥Y! +�I�J , ãY��8 Windows 7 Home

Premium, moô'����+������ ; Windows 7 Professional, moô�ø\ù�ú�C���X�a�Å�A�û�S�U ; Windows 7 Starter,

D���6�ü���x�ý�þ�ÿ�+�S�U , ��È ! -���u���H���� ; Windows 7 Home Basic, d�;���Å�i�j���� ; Windows

7 Enterprise, moô'ø���û���U���� , ��y�Ä���+�ÿ�Ý�`�È��
	�è�`�È�» ; Windows 7 Ultimate, moô'E���`�� ,

��y�Ý�_�����,�X���û�,�
�È . ��Û���� Lingo ��� , óoô'i�j�+�I�J���y 6 � , ã���8���S�I ( ��� ) � �Ä � (solver suite) � E�,�I (super) � 2�,�I (hyper) �
��û�I (industrial) X�����I (externded), T�À�Á ¥�!
S�U�+�M�� .

1�2 -�.�h�M�O���ì�ò�Q�K�P�Ú�� , ¹�������� , ^�_�` , ��I , Q�� ª�« , ���� �! , "�h�ô�õ�» , #�µ$�8�%�&�' ½ , y�u 8 ��·�(�L�) [�\ .
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���

1 (a) ������������� s, � ∂
∂θ

q∗(θ, s) > 0 � ∂
∂θ

U(θ, s, q∗(θ, s)) > 0; (b) ������������� θ, �
∂
∂s

q∗(θ, s) > 0 � ∂
∂s

U(θ, s, q∗(θ, s)) > 0.���
I. ������� , ����������� θ1, � ∂

∂θ
q∗(θ, s)|θ=θ1

≤ 0, � θ1 �������¡ ¢������� θ2, £�¤�¥
θ1 < θ2 ¦ , � q∗(θ1, s) ≥ q∗(θ2, s).§

q∗(θ, s) ����¨�© , w(θ1, s, q
∗(θ1, s)) = 0, w(θ2, s, q

∗(θ2, s)) = 0.§
w3(θ, s, q) < 0(∀q ≥ 0) © , w(θ2, s, q

∗(θ1, s)) ≤ w(θ2, s, q
∗(θ2, s)) = 0.§

w1(θ, s, q) < 0(∀θ ≥ 0), ª θ1 < θ2, � w(θ2, s, q
∗(θ1, s)) > w(θ1, s, q

∗(θ1, s)).«
0 = w(θ2, s, q

∗(θ2, s)) ≥ w(θ2, s, q
∗(θ1, s)) > w(θ1, s, q

∗(θ1, s)) = 0, ¬�­ .«
∂
∂θ

q∗(θ, s) > 0.

II.
§

U(θ, s, q) =
∫ q

0 w(θ, s, x)dx, � U1(θ, s, q) =
∫ q

0 w1(θ, s, x)dx > 0.« ��� ∀0 < θ1 < θ2, � U(θ1, s, q
∗(θ1, s)) < U(θ2, s, q

∗(θ1, s)).§
U(θ, s, q∗(θ, s)) ��®�¨�© , U(θ2, s, q

∗(θ1, s)) ≤ U(θ2, s, q
∗(θ2, s)).«

U(θ1, s, q
∗(θ1, s)) < U(θ2, s, q

∗(θ1, s)) ≤ U(θ2, s, q
∗(θ2, s)).«

∂
∂θ

U(θ, s, q∗(θ, s)) > 0.

III. ������� , ����������� s1, � ∂
∂s

q∗(θ, s)|s=s1
≤ 0, � s1 �������� �������� s2, £�¤�¥ s1 < s2,

� q∗(θ, s1) ≥ q∗(θ, s2).§
w3(θ, s, q) < 0(∀s > 0), � w(θ, s1, q

∗(θ, s1)) ≤ w(θ, s1, q
∗θ, s2).§

w2(θ, s, q) > 0(∀s > 0), � w(θ, s1, q
∗(θ, s2)) < w(θ, s2, q

∗θ, s2).

� 0 = w(θ, s1, q
∗(θ, s1)) ≤ w(θ, s1, q

∗(θ, s2)) < w(θ, s2, q
∗(θ, s2)) = 0, ¬�­ .«

∂
∂s

q∗(θ, s) > 0.

IV. ¯�° U(θ, s, q∗(θ, s)) =
∫ q∗(θ,s)

0 w(θ, s, x)dx, ±�²�� :

∂

∂s
U(θ, s, q∗(θ, s)) =

∂

∂s

∫ q∗(θ,s)

0

w(θ, s, x)dx =

∫ q∗(θ,s)

0

w2(θ, s, x)dx + w(θ, s, q∗(θ, s)) · q∗2(θ, s)

=

∫ q∗(θ,s)

0

w2(θ, s, x)dx > 0.

���
2 ��³�´�µ IC � PC ��¶�· (s(θ), p(θ)), � :

ds(θ)

dθ
≥ 0,

dp(θ)

dθ
≥ 0,

dU(θ, q(θ)) − p(θ)

dθ
> 0.

��� ��������������¶�· (s(θ), p(θ)), ¸�¹���º���° U(θ, s(θ), q∗(θ, s(θ))),
«

U(θ, s(θ), q∗(θ, s(θ))) »
° θ ¼ s ��½�¾ , ¿�À�Á�° V (θ, s), Â :

V (θ, s(θ)) = U(θ, s(θ), q∗(θ, s(θ))).

I. ����������Ã , ����������� θ1 ∈ [θ, θ̄], £�¤ ds(θ)
dθ

|θ=θ1
< 0, � θ1 ����Ä����� ������������ θ2,

£�¤�¥ θ1 < θ2 ¦ , � s(θ1) > s(θ2)
§

θ1 ²�Å θ2 Æ � IC Ç�È�É�© :
{

V (θ1, s(θ1)) − p(θ1) ≥ V (θ1, s(θ2)) − p(θ2) (a)

V (θ2, s(θ2)) − p(θ2) ≥ V (θ2, s(θ1)) − p(θ1) (b)
§

(a)+(b) ¤ : V (θ1, s(θ1))−V (θ2, s(θ1)) ≥ V (θ1, s(θ2))−p(θ2)−V (θ2, s(θ2))−p(θ2) (c)
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Í
H(s) = V (θ1, s) − V (θ2, s), � ∂H/∂s = V2(θ1, s) − V2(θ2, s).§
∂
∂s

V (θ, s) =
∫ q∗(θ,s)

0
w2(θ, s, x)dx, � :

∂2V (θ, s)

∂s∂θ
=

∂

∂θ

∫ q∗(θ,s)

0

w2(θ, s, x)dx =

∫ q∗(θ,s)

0

w12(θ, s, x)dx + w2(θ, s, q
∗(θ, s)) ·

∂

∂θ
q∗(θ, s).

Î ¯�°�¥ q ≤ q∗(θ, s) ¦ , w12(θ, s, q) > 0, w2(θ, s, q) > 0, Ï ¦ § ��Ð 1, ∂
∂θ

q∗(θ, s) > 0,
« ¥ q ≤ q∗(θ, s)

¦ , ∂2V (θ,s)
∂s∂θ

> 0, � ∂H/∂s = V2(θ1, s) − V2(θ2, s) < 0.« ¥ s(θ1) > s(θ2) ¦ , � H(s(θ1)) < H(s(θ2)).

Â V (θ1, s(θ1)) − V (θ2, s(θ1)) < V (θ1, s(θ2)) − V (θ2, s(θ2)), ¼ (c) ¬�­ .«
ds(θ)

dθ
≥ 0.

II.
§

IC Ç�È : V (θ, s(θ)) − p(θ) = max
x

[V (θ, s(x)) − p(x)], ∀θ.
§�Ñ�Ò ��Ð�¤ : d

dθ
[V (θ, s(θ)) − p(θ)] = ∂

∂θ
[V (θ, s(x)) − p(x)]|x=θ , Â ṗ(θ) = V2(θ, s(θ)) · ṡ(θ).Î ¯�° V2(θ, s(θ)) = ∂

∂s
V (θ, s) =

∫ q∗(θ,s)

0
w2(θ, s, x)dx > 0, Ï ¦ § Ð�Ó I: ds(θ)

dθ
≥ 0.«

ṗ(θ) = V2(θ, s(θ)) · ṡ(θ) ≥ 0.

III. ¯�°
d

dθ
(U(θ, s(θ), q∗(θ, s(θ))) − p(θ)) =

d

dθ
(V (θ, s(θ)) − p(θ)) = V1(θ, s(θ)) + V2(θ, s(θ)) · ṡ(θ) − ṗ(θ),

§
II Ô�� Ñ�Ò ��Ð : ṗ(θ) = V2(θ, s(θ)) · ṡ(θ), � d

dθ
(U(θ, s(θ), q∗(θ, s(θ))) − p(θ)) = V1(θ, s(θ)) > 0.


