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Maximum simulated likelihood estimation of censored seemingly
unrelated regressions with missing observations
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Abstract In many survey data sets, multiple observations are frequently missed and censored at some

threshold values, which cause the biased estimation based on such samples. In this paper, we develop

a censored and unbalanced seemingly unrelated regression model, allowing for the censored dependent

variables and missing observations. By using the Geweke-Hajivassiliou-Keane (GHK) simulator, we propose

a procedure of maximum simulated likelihood estimators for this new model. A small scale Monte Carlo

simulation demonstrates that the estimators can perform well both in finite and large sample.
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1 ½¿¾
ÀPÁPÂPÃPÄPÅPÆPÇPÈPÉ �PÊPËPÌXÍZÎPÏPÐPÑPÒPÓPÔ . ÕPÖ ÂPÃ ,

ÇP× ËPÌPØPÙPÚPÛPÜPÝPÑPÞPßPàPáPâPãäPåPæ ÒPÜPçPè .
ÅPÆ

,
ÇP× ÞPßPàPáPÒPÜPçPèPâPéPêPëPìPêPßPíXîZïñðZè åóòPôPäóõPö ð÷è (Moeltner

Ä
Layton[1]). øPù , âPúPûPËPÌXÍ , üZêPíPýPþPúPûPÿ����PÒ�������� ,

ò ËPÌPØ����PÚ�	�
��ZËóÌóØ���Pí
ý��P�PúPû������ ÀPÁ��PÈPÂPÃ , ëPØ�����	�
��� , � å������ Û���� ò ËPÌPØPÒPúPû�� æ �óÚ Ç���� ÒÀ è , ùPâ��� �!�"�#PÓPËPÌXÍ (Schenker $ [2]), ËPÌPØ õ�%�&�'�(�) ��� ÀPÁ�*�+ , þPíPýPúPû�,�-�� æ. ËPÌ�/ ( ��0PÒ�1PúPû Ç 2000 2�3�4�5 Ç 2000 2�3�6 ), ü87����PËPÌ ÀPÁ��PÈPÅPÆ . â ÀPÁPÅPÆ Í , ß
í�98:�;�<PÒPø�= Ç , Heckman

Ä
MaCurdy[3] þ��� �>�?�@�AXî8B�C�DPÒ�E�F��Pã�G�H�I�JPËóÌ , KXÍ8LM�N ��OPÒ�C�DPÒ�E�F��Pã òPÅPÆPõ 0, ü87�P�Q % ý�RPþ ÀPÁPÅPÆ ÓPÔPÒ�S�T�U�V .W�X ÀPÁ Ò ÂPÃPÄPÅPÆ�Y ����Z�[PÒ���\ Ä�]�^�_ Ê , I��Pþ�Z�[�` � D�a�b Æ�c�d�e�f�g 	 . h�i Ç

â�j�k ÀPÁ ÒP�PÊPËPÌXÍ , üZê�l�m�����nPßPí � âPÚ�n�o�pPÒ�q�r�s�tPËPÌ ÀPÁ , u�7 ,
ÀPÁPÂPÃPÄPÅPÆ þ

Z�[ MPÀ�_ ÊPÒ�v�w�x�y���z õ�{ � .
È ��|�}Pþ ÅPÆ j�k�Z�[PÒ MPÀ�_ Ê�~ % S�T��P	 , ù Charlier $ [4]

� þ�������� W�X ÜPçPèPÒ ÅPÆ j�k�Z�[ ,  ��% ß�������� _ Ê���� . Greene[5] þ������ ( uPàPáPÒ�j�k
Z�[�I�J���� , � ÈPÅPÆ j�k�Z�[PÒ�� '�����_ Ê���/����PêPþ�Z�[���F��PÒ����PÒ���� _ Ê . Chen[6] þPß� j�k�����Z�[�I�J���� ,  ��%Pö Z�[Pâ���� ÅPÆ W�X å ÒPß�� √

n � MPÀ ß�� _ Ê���/ .

�¡ £¢¥¤
: 2012-04-10¦¡§¡¨£©
: ª¡«£¬¥¡®¡¯¡°¡± (71001107); ª¡«¡²¡³¡®¡¯¡°¡± (10BJY104); �¡´¡µ¡¶¡°¡·¡®¡¸¡¹¡º¡»£¼ (2722013JC086)½¡¾¡¿¡À
: Á¡Â¡Ã (1981–), Ä , Å¡Æ¡±¡Ç¡È , É¡Ê¡Ë , Ì¡Í , ¸¡Î¡Ï£Ð : Ñ¡Ò¡Ó¡Ô¡Õ¡Ö¡¹¡×¡¯ , E-mail: yongwei@znufe.edu.cn.



�
3 � Á¡Â¡Ã , Ø : Ù¡Ú¡Û¡Ü¡Ý¡Þ¡ß¡à¡á¡â¡ã¡ä¡å¡æ¡ç¡Þ¡¡èéÕ 733

4�ê�|�}Pþ ÅPÆ W�X Õ c�d Ò MPÀ�_ ÊPÓPÔ�I�J % S�T���� , ë�ìPÙ�L�í�K�î�ïPÑ���� ÀPÁPÂPÃPå Ò�Gð
. h�i Ç , âPþ�ñPí Å j��P��I�J MPÀ�_ Ê å , Ú�n Å j�ò æ ����óPâPß ä�ô U�D , � È ��|�}PÙ�LPþ�õ��ô U�D�ö�÷�ø�ù���� . üZê ��] U�ú8û�Z�[XîZÎ�ü õ ���Pß �PÅ j ô UóÓPÔPÒ���/ó	�ý�þ , ÙPâP��ÿ����XÍ

�PÑ % S�T���- (Phillips[7]; Geweke[8]), u�7 ,
X |�í�3 ��] U�ú8û�Z�[ õ ý�þ , ���PßPí���� ÀPÁPÂPÃPÄÅóÆ W�X Ò ��] U ú û�Z�[ .

õ�� ê���� , � ��] U ú û�Z�[���� ÀóÁóÂóÃ W�X å ,
X |���ò õ�	�
�����]

U�ú8û�Z�[ 1; ��� ��] U�ú8û�Z�[���� ÀPÁPÂPÃPÄPÅPÆ W�X å ,
X |���ò õPÅPÆ�	�
�����] U�ú8û�Z�[ .

þóê 	�
�����] U ú û�Z�[ , Schmidt[10] 3����[ ÀóÁóÂóÃ 2
õ ø ,  ��% ß�������S�� &�������_ Ê

��� , ��������- ÀPÁPÂPÃ W�X _ Ê�Z�[���F��PÒ���������� ,
����� ��- _ ÊPÒ���������� N � _ Ê���ú

û�� À . ë Ç Schmidt Ò���/�������-Pê������Pí Å j����PÒ����[ ÀPÁóÂPÃ Z�[ . Baltagi $ [11] 5 ×�� ,

â�����S�� &�������_ ÊXÍ , ���Pâ��Pß������ % ��F������������óÒ &� �_ Ê ,
��] /�!�ÿPâ�� � �PÛ�ù

����ú8û���"�#�$�%�&�' . (�)�* , Hwang + Schulman[12] ,�-�.�/�0�13254�6�7�8�9�:�;�<�=�>�? ��@�A
$�B�C�D 7 "�E�F�G�H�#�I�J /�K &�' ?�L . K�M , Hwang + Schulman # ?�L�N�O�P�Q�R "�E =�S�T�6�7U "�&�'�#�V�W .X�Y T Hwang + Schulman 6�7�Z�[�\�] , ^�_ .�`�<�a H 9�: "�E�F�G�+ =�S�b�c # =�S B�d�e /
0�13254�6�7 . f5) 8 &�' 9�:�=�S�g X # /�0�13254�6�7 H�h�i�j�'�k `�<�l�m�n�o�p�q�r�s�t "�#�uwv
o�r , x�* ,

X�Y�y�z�{�| a )~}�������� { #���� ?�L , � Geweke-Hajivassiliou-Keane (GHK) ����k��� (�� , ,�-�`�� I�J���� /�K &�' ?�L . � b��������������3� ,
X�Y _���# U "�&�' ?�L�8 J g X +�$� g X�� T U "�&�'�#�������+�$�%�����A�$3�5� ��� .X�Y� ���¡ r�¢�£ � : ¤�¥ ¡ r�¦�§�¨�©�ª�«�/�0�13254�6�7 #�I�J /�K &�' ?�L ; ¤�¬ ¡ r ^�_ `�<

=�S B�d�e /�0�13254�6�7�O��-�®�6�7 #�I�J���� /�K &�' ?�L ; ¤�¯ ¡ r�° � b�������� , ®��������
��±�. X�Y ,�- # U "�&�' ?�L #�������+�²�³�� ; ¤�´ ¡ r � ��µ .

2 ¶¸·¸¹¸º¸»¸¼¾½À¿ÀÁ¾ÂÀÃÀ¶¾ÄÀÅÀÆ
Ç�È `�<�: $ G <�=�>�?�É + T Ê�Ë�Ì�Í�# /�0�13254�6�7 � :

yt = B′xt + ut, t = 1, 2, · · · , T (1)Î3Ï
, yt = (y1t, y2t, · · · , yGt)

′ + xt = (x1t, x2t, · · · , xKt)
′ r�Ð���Ñ G × 1 + K × 1 m3Ò5Ó , B °�Ô�Õ�Ö�×

Ó xt Ø T�Ù # K × G m�Ú "�Û�Ü , ut = (u1t, u2t, · · · , uGt)
′
� 6�7�Ý�Þ�ß .

� .�à�á | a�=�>�?�É�â�ã #
a Ê Ø 1 � ,

Ç�ä
ut #���Í � 0, ?�å � Σ, æ E (utu

′

t) = Σ. ç K , 8�è�` Ç�ä���| a�=�>�?�É #�é å�ß
â�ã�°�a Ê Ø 1 # . 6�7 (1) ê�ë � °�ª�«�/�0�13254�6�7 (Zellner[13]).
- ) `�ì � Q�R ,

Ç�ä 6�7 (1)
Ï # Ú "�Û�Ü B í�î `�Ú�ï #�ð���ñ�ò�ó�ô 3 :

Rβ = r (2)Î3Ï
, β = vec (B), R + r ° f�õ5ö�÷�"�^�ø�# U "�ñ�ò�Û�Ü�+ Ò5Ó .��ù �5/�0�13254�6�7 (1) #�I�J /�K &�'�ú�û , Z�`�ü Ç�ä 6�7 Ï Ý�Þ�ß ut ý�þ�ÿ � Ø a�p�q�r�s ,

æ ut ∼ i.i.d.N (0,Σ). 8�è�` Ç�ä ó�ô � , yt
N ý�þ ��Í � B′xt � ?�å � Σ # p�q�r�s . x�* ,

��� I�J
/�K &�'�ú�û , yt # T " /�K�t " ln Lt

�
:

ln Lt = −1

2
{G ln (2π) + ln |Σ| + (yt − B′xt)

′

Σ
−1 (yt − B′xt)} (3)

M (�)�� ¡ g X Ë�Ì�Í�#���� T " /�K�t " ln L
�

ln Lt #�+ :

ln L =

T
∑

t=1

ln Lt = −T

2

{

G ln (2π) + ln |Σ| + 1

T

T
∑

t=1

(yt − B′xt)
′

Σ
−1 (yt − B′xt)

}

(4)

1. �	�	
	�	�		�	�	�	�	�	�	�	�	�	�	� , �	�	�	� Baltagi � Song[9].

2. �	�	 	!	"	#	$	%	�	 	!	�	�	$	%	�	 	!'&	( . $	%	�	�	�	 	!	)	*	+	�	,	�	-	.	/	0	�'�	�	 '!	1	2'3	4'5	6	�',	�	-
.	7	8	/	0	�	�	�	 	!'9':'; . �	$	%	�	�	�	 	!	<'*	+'�','�	-'.'/	0'�'�'�	 '!'=	>'�'�')	6'�',	�'-'.'7	8'/'0	�'�
 	!	�	?	@ . $	%	�	�	�	 	!	�	A	B	C	)	�	$	%	�	�	�	 	!'�	D	E .

3. E	F , F	G	-	.	H	I	4	J	>	K	L	�	M	N	/	0 , �	�	O	P	�	A	Q	R	7	S	T B U	V 0 W	X	Y	Z	[ . \	] , F	G	^	�	S	T B H	I_ J	W	X , `	a	S	T R � r 7	8	b	c	�	d	e	f	# 0.
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x�* ,
U�q Û�Ü B #�I�J /�K &�' Ó�°�8 ó�ô (2) #�ñ�ò � T�?�É (4) r�s�J�t�# ��� , æ °�T � ï }vu tq

ln LR r�s�J�t :

ln LR = −T

2

{

G ln (2π) + ln |Σ| + 1

T

T
∑

t=1

(yt − B′xt)
′

Σ
−1 (yt − B′xt)

}

− λ′ (Rβ − r)

= −T

2

{

G ln (2π) + ln |Σ| + 1

T
trace

[

(Y − XB)Σ−1(Y − XB)
′
]

}

− λ′ (Rβ − r)

(5)

Î3Ï
, Y = (y1, y2, · · · , yT )

′

, X = (x1, x2, · · · , xT )
′

, λ
��w�x�y{zv| � Ò5Ó . T�?�É (5) r Õ�} j 1 ) U�q

B, λ + Σ # `�~ ó�ô � :

∂ ln LR/∂β = vec
(

X ′ (Y − XB)Σ−1
)

− R′λ = 0 (6)

∂ ln LR/∂λ = − (Rβ − r) = 0 (7)

∂ ln LR/∂ vec (Σ) = −1/2 vec
(

TΣ
−1 −Σ

−1(Y − XB)
′

(Y − XB)Σ−1
)

= 0 (8)

x�* ,
U�q Û�Ü B + Σ #�I�J /�K &�' Ó�° í�î���� ?�É (6)∼(8) # Õ .

3 ���������¸¶¾·À¹Àº¾»À¼À½¾¿ÀÁÀÂ¾Ãh�h�¾¶ÀÄÀÅ¾Æ
3.1 �����������������������������
��� T�/�0�13254�6�7 # U�q &�' § r���� { # g X���� °�� ��# , O @ |�� 8 q E =�S #���� . K�M ,

þ õ5$����� �¡ , ��¢�£ '�¤�¥ q E�¦�¦ � 8 q E�F�G�+ =�S , è�` ��� 8�§ Ë�' Ó # ��± ��� Ï©¨ ��ª - .

x�* , T�/�0�1 2 4�6�7�Z�[�\�] , � â¬«¬¬®¬¯ q E�F�G�+ =�S�T U¬q &�'�#�V�W , °�ø �¬± �¬² µ ���
+ ��±�r�³ #�´ ]�µ�§ .� * , T )���� `�<�: $ G <�?�É + T Ê�Ë�Ì�Í�# /�0�13254�6�7 (1),

± : $ q E�F�G�H , ² y�Î�¶·�ä�È �
:

Y = XB + U (9)
Î Ï

, Y = (y1, y2, · · · , yT )
′ + X = (x1, x2, · · · , xT )

′ r�Ð�° T × G + T × K m Ë�Ì�Í�Û�Ü , U =

(u1, u2, · · · , uT )
′
� 6�7�Ý�Þ�ß Û�Ü . 6�7 (9)

Ï # U¬q Û�Ü B ¸ K í�î�ð���ñ�ò�ó�ô (2). Ô�?�É (1)| a # ° , ��8�?�É (9) �-�.�9�: ��$�Ë�Ì�Í�# 254�¹�º ,
Î }v» 8 )�¼ ù � q E�F�G T U�q &�'�»�V�W .Ç�ä Û�Ü Y

Ï »�½�¾�Ë�Ì�Í � 8 q E�F�G 4. µ�§�¿�À » ° , Û�Ü Y 9�:�. G <�?�É »�x ×�Ó , M�8�Á
`�<�?�É�â�ã ,

q E�F�G�»�Â ¹ ² «�O | Ø a , f5*�Ã�Ä�Û�Ü Y
Ï Á�`�ï�Å ² «�: $ | a » q E�F�G ¹�º .Æ�Ç â , T )�¤ i ï , Y ² «�: $ Ti

< Ë�Ì�Í (Ti < T ), T )�¤ j ï , Y ² «�: $ Tj
< Ë�Ì�Í (Tj < T ), @

¤ i ï +�¤ j ï F�G�»�Ë�Ì�Í â�ã ² «�O |�� 8�9�:�È C�D¬É b¬Ê�1�Ú . K�M ,
� � � ?�Ë , Ì�Í�¸ K Ç�äÎ <�=�>�?�É � : $ T < Ë�Ì�Í , x � T ) Î3Ï F�G�»�Ë�Ì�Í , Ì�Í�²�� { F�G�Ï�Ð “·” ��Ñ .

Z�`�ü , Ñ 8 Y
Ï a H � 8 q E =�S , Ò�Ó ,

±
yit < c H , yit »�Ë�Ì�Í � c;

±
yit > c H , yit »�Ë�Ì

Í � yit

X�Ô
5. Õ { =�S3254�6�7 » ��Ñ�?�L , ² y yit »�Ë�Ì�Í ä�È �

zit = max (yit, c) (10)Î3Ï
, yit

��Ö 8�×�Ó , zit

�
yit »�²�Ë�Ì ×�Ó , c

� õ5öØ×5Í .

��� ?�É (9) + (10) °�9�:�. q E�F�G�+ =�S » /�0�132 4�6�7 ,
X�Y ë â � =�S B�d�e /�0�1 254

6�7 . ÷ { »�I�J /�K &�' ?�L�T ) ®�6�7�M Ç y�Ù�Ú $�Û¬»�&�' ��� ,
Î�Ü x °�8�?�É (10) »�ñ�ò � , zit

ý�þ `�< B�ð���» r�s�t q . (�) è�<�t q , Ì�Í µ�§ ¶�· ^�Ý /�K�t q , O�Þ {�· »�����ß / k L�} j Uq &�' ��� . � ��y�à�¶ ù �5=�S B�d�e /�0�13254�6�7 »�&�'�ú�û .

3.2 á�â�ã�ä���å�æ�çX�Y�è�é�y =�S B�d�e�» /�0�13254�6�7�ê t � d�e�» =�S�/�0�13254�6�7 , K�ë�ì�Þ { I�J���� /�K
?�L�Z�[ &�' . í�E�Ë�Ì�Í�Û�Ü Y

Ï » q E�F�G ¹�º ,
X�Y ���

Hwang + Schulman[12] »�ú�û y Y î r�
N < | a »�ï (N ≤ T ), � }�8�Á�`�<�r ï n

Ï » Tn
<�g X A�$ Ø a »�Ë�Ì�Í È q E�F�G ¹�º . æ 8

¤ n <�r ï Ï , ² « $ Gn
<�×�Ó A�$ � ��»�Ë�Ì�Í ,

Î� 
(G − Gn) <�×�Ó � � F�G�Í .

4. \ X ;	�	�	 	!	ð , ñ	ò	�	ó	ô	õ	�	# 0. 7	�	�	ö	÷	�	�	�	ø	ù	�	ú	� Hwang � Schulman[12].

5. û	ü	Z	ý	þ	ÿ����	�����	,��	�	9	: , 7	���	,��	�	9	:	�����	(�	 . Z�
	;��	#��	�	�	���	9	:	)� c = 0.
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����î r ú�û�²�� { Û�Ü�� Ç Z�`�ü3� � � : � Pn

� ¤ n <�r ï Ï » Tn × T m Ë�Ì�Í� �!�Û�Ü ,
Î

Ï
Pn »�"�#3f T m�$�% Û�Ü Ï » Tn & | a�[3Ò5Ó ^�ø . � Qn

� ¤ n & r ï Ï T�Ù�' A�( � ��Ë�Ì�Í×�Ó »�)�*�Û�Ü ,
Î3Ï

Qn

Ï »�"�#3f G m�$�% Û�Ü Ï » Gn & | a�ï3Ò5Ó ^�ø . N ° ° ù , G m�$�% Û�ÜÏ,+�  » (G − Gn) & ï3Ò5Ó�T�Ù�'�- (�F�G�Í�» ×�Ó , �3f è ¾ ï3Ò5Ó ^�ø�»�Û�Ü � Q̄n. . '�/ , ¤ n &r ï Ï - ( � ��Ë�Ì�Í�»10,2�3�4�5 - (�6�7�Í�»10,2�3�4�²�� r�Ð�� � � :

YnQn = XnBn + Vn (11)

YnQ̄n = XnB̄n + V̄n (12)

Î3Ï
, Yn = PnY , Xn = PnX, Un = PnU , Vn = UnQn, V̄n = UnQ̄n, Bn = BQn, B̄n = BQ̄n. 8 / , 9

S�: d�e�»�;�<�=10,2�3�4�ê ê t�>�?�@�»�9�A�;�<�=10,2�3�4 (11). 3�41B,C�D�E Vn F�G�H�I�J�K�L�MN�O�P�Q > Σn = Q′

nΣQn. R ' H�S (12) T�U�V�W�X�6�7�Y , Z / , [ H�S�\�] >�3�4�^�_�`�a�b�c�d�e .f�g�h
, R,i�j�k Yn l�m _�n�o�A , >�p�q�r1s,t g�u�v , M�w�x (11) B,y t z�W�X�{�|�Y�>�} :

y
(n)
t = B′

nxt + u
(n)
t , t = 1, 2, · · · , Tn (13)~ P������

, H�S (13) ;���������;�<�=1�,� w�x (1) ��� N�� F���� . ��� , ��� y
(n)
t � �1R ] U�_

n���� F Gn � Z�j�k���� , � y
(n)
t = (y

(n)
1t , y

(n)
2t , · · · , y

(n)
Gnt)

′

, y
(n)
it

P�� y n ����� B,� J�K Qn �������
F y i ��� k .  1R,i y

(n)
t >�¡ m j�k , � z

(n)
it = max(y

(n)
it , c). Z�� , ��¢ m u

(n)
t ∼ i.i.d.N (0, Q′

nΣQn) F£�¤�¥
, y

(n)
t F�L {�|�j�k z

(n)
t ¦ ]�§ ~�¨�© F�ª�«���¬ ,  ��¬�® _��1R,o�A F�ª�«�¯�°�±�²�® _�³�´�µ

��¬�® _���� F���¶�® _ 6 , � :

f(z
(n)
t ) =

{

Φ (cι − B′

nxt) , z
(n)
t = cι

ϕ(y
(n)
t − B′

nxt), z
(n)
t > cι

(14)

1B , Φ (·) ³ ϕ (·) ��· P���¸�¹ ´�µ ª�«���¬�® _�³ ¯�°�±�²�® _ , ι ��º�_�> 1 F�»1¼ k . ½�¾�¿�À�Á�ÂÃ `�a�Ä�Å , ����Æ�i�y n ����� W�X F�Ç _�Â Ã ® _�> :

ln Ln =

Tn
∑

t=1

−1

2

{

Gn ln(2π) + ln |Q′

nΣQn| +
(

y
(n)
t − B′

nxt

)

′

Q−1
n Σ

−1Q′−1
n

(

y
(n)
t − B′

nxt

)

}

z
(n)
t

>cι

+

Tn
∑

t=1

ln Φ(cι − B′

nxt)
z
(n)
t

=cι

(15)

È Æ�i�É�Ê N ����F�Ç _�Â Ã ® _ ln L � ln Ln F ³ :

ln L =

Tn
∑

t=1

ln Ln (16)

Z�� , ^�_ J�K B ³ Σ F À�Á�Â Ã `�a�k�� m £�¤ (2) F�Ë�Ì ¥ , Í H�S (16) Î�Á�Ï , t�Ð�Ñ�Ò�Ó�a�Ô g
� ¸�¹ ´�µ ª�«���¬�® _ Φ (·) F�¯�° µ � ,

Ã È�Õ � H�Ö�\�]�×�Ø�Ù�Ç�H�S (16) Í g�Ú £�¤ È�Û Ó�^�_ B

³ Σ F ��Ü�Ý�Þ�Ý . Z�� , X�ß�à�á�â�ã GHK H�Ö�ä�å a�Ô Φ (·) F�¯�° µ � Y ,
Ã�æ�ç Ç Â Ã ® _ (16)f�è�é�ê Í�Ý , t�ë H�Ö ��>�À�Á ä�å Â Ã `�a .

��Ü � � , m�Ç g ��§ ~�ì Y�> 0, G�H�I > Σ F K
¹ ª�«�í�î j�k X a�Ô Φ (·) F�¯�° µ � 7 � , ï

a�Ô��ð�ñ ¯�° µ � Prob (a1 < x1 < b1, · · · , aK < xK < bK), [�ð�ñ ¯�° µ ��L ã�ò ��í�î j�k ¯ó° µ �
F�ô µ F ì Y ��õ Â , � :

Prob (a1 < x1 < b1, · · · , aK < xK < bK) ≈ 1

R

R
∑

r=1

K
∏

k=1

Qrk (17)

1B , Qrk

P�� ò ��í�î j�k xk ö�m µ ��÷�ø (ak, bk) F�¯�° ,
È ∏K

k=1 Qrk ù P�� K
¹ í�î j�k X

�
� öómó÷óø (a1 < x1 < b1, · · · , aK < xK < bK)

góú Fó¯ó° , R
Pó� äóåóû W F ú _ .   Qrk ¾óü ¥óý �

HóÖ aóÔ : àóá ÇóGóHóIóJóK Σ
fóè

Cholesky � Ý , � Σ = LL′, þ JóK L B Fóÿ���� lkm;
Ãóæ aóÔ

y g ��í�î j�k F�¯�° µ � Qr1 = Φ (b1/l11) − Φ (a1/l11), \ ~ ÷�ø (Ar1, Br1) = (a1/l11, b1/l11) B���� ¨© ªó«ó�ó¬óFóíóî _ εr1, t�� Φ (·) �óò �óíóî jók Fóªó«ó�ó¬ó® _ ; Î æ , ¾ Qrk = Φ (Brk) − Φ (Ark)

6. �	� (14) 
 z
(n)
t �	�		�	�	�	�	�	�	� c, �	�	�	�	�	� c.

7. � GHK �	�	�	�	�	�	
	�	�	�	� �	�	 Greene[14] .



736 !#"#$#�#%#&('#)#* + 34 ,
- � ý �óaóÔóy k = 2, 3, · · · , K �óíóî jók Fó¯ó° µ � ,  B Brk = (bk −

∑k−1
m=1 lkmεrm)/lkk, Ark =

(ak − ∑k−1
m=1 lkmεrm)/lkk.

4 .0/01020304
X�ß�â�ã656768696:6; H�Ö6< ;�ÀóÁ ä�å Â Ã `�a FóL è�= . m _�n6����� , >6?�o�A6@�?�@�Â6A6B1�

� w�x R,ü ¥6C ��H�S ��� :
{

y1 = 0.5 + 2x1 − 1.5x2 + u1

y2 = 3 + 0.5x3 − 3x4 + u2

(18)

\   , ¡ m j�k y1 ³ y2 F W�X�o�A�Y � 0, � z1 = max (y1, 0), z2 = max (y2, 0). �6D6E Ý6F�j�k F�ª
«���¬�Ç ^�_�`�a6G ��F “ H f6I6J ” (Chesher[15]), X�ß m _�n6�����6K x § ~ ÷�ø (0, 1)

� F ì6L ��¬ ,

u § ~�¨�© ª�«���¬ ,   u1 ³ u2 M�ø�F N B6N�_ � ρ. m�ä�å :6;�� , O ρ = 0.2, 0.5, 0.8 P ú�P�� w�x�FQ ² N BSR�B ² N B�³6T ² N B .f�g�h
, X�ß6U�ã Hwang ³ Schulman[12] F Ä�Å6?�a w�x (18) F W�X����6V6W . >6? w�x (18) B C

��H�S�F W�X6X�_ ì � T , 1B , y g ��H�S�F Î6Y T1 � W�X � ����W�X , y6Z ��H�S�F Î æ T3 � W�X �
����W�X ,

C ��H�S U�� F6[ � WóX � T2. m�ä�å :6;�� , W�X�����_ (T1, T3)
ì ?�a � W�X6X�_ (T ) F

10%. O T = 50, 100, 200, 500, ��· P�� o�A6@�?�@�Â6A6B1�,� w�x�F �6\�W�X�³�Á�W�X6V�W .

X�ß6]656768696:6;6^6_ 1000
ú

, \ a�Ô6` � N�_�`�a�Y F ì Y (Mean) ³ ì H6a�I6b (RMSE), c Ûd J ü P 1 c � . R�:6; d J L�M � � , o�A6@6e6f�Â6A6B1�,� w�x�F À�Á ä�å Â Ã `�a ×6g Û @�º6h F `
a d J .

~6i Ü � � , ` � N�_�`�a�Y F ì Y6j�@�º�k õ ió^�_ å Y , \6l � P Õ �1¼ �6m ¼ ¥ F N6n = `
a6o a ,  �`�a�Y F ì H6a�I6b ¦ jqp�r6s ,

P s m 1000
ú ^6_6:6;1B , t g�ú N�_�`�a F d J ì p�r6k õ

i�^�_ å Y . ��Ü � � , u�W�X6v�k T = 50 � , ` � N�_�`�a�Y P Õ � V 0.04 w6x F6y�Ç o I ,
È u�W�X6v

k T = 100
m6z T�� , `�a F o a s�{6|6} ,  �`�a F ì H6a�I6b ¦ {6~ ¥6� , t�r1s,o�A6@6e6f�Â6A6B1�

� w�x�F À�Á ä�å Â Ã `�aó������h F g6��= .
� � , ü P 1 c � F 56768696:6; d J���fóg�hóP s , R,i

À�Á ä�å Â Ã `�a H�Ö6�6� V w�x C�D�E M�ø�F � z N B = , Z�� , o ��N B6N�_ ρ F T Q \6l � Ç N�_�`
a d J6� �6{6~6�6� . �

1 �	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�
α0 = 0.5 α1 = 2 α2 = −1.5 β0 = −0.5 β1 = −1 β2 = 2�	� � �	� �	� � �	� �	� � �	� �	� � �	� �	� � �	� �	� � �	�

(ρ = 0.2)

T = 50 0.462 0.512 2.038 0.721 –1.47 0.704 –0.531 0.649 –1.026 0.402 2.038 0.473

T = 100 0.499 0.344 1.997 0.405 –1.505 0.436 –0.515 0.36 –1.009 0.231 2.02 0.256

T = 200 0.493 0.205 2.019 0.267 –1.503 0.27 –0.5 0.231 –1.001 0.158 2.002 0.166

T = 500 0.502 0.12 2.005 0.161 –1.509 0.169 –0.502 0.132 –0.999 0.09 2.001 0.101

(ρ = 0.5)

T = 50 0.453 0.48 2.046 0.674 –1.461 0.654 –0.527 0.59 –1.026 0.366 2.035 0.429

T = 100 0.502 0.324 1.993 0.377 –1.508 0.4 –0.515 0.349 –1.009 0.207 2.021 0.233

T = 200 0.495 0.19 2.018 0.243 –1.505 0.247 –0.497 0.209 –1.004 0.143 2.001 0.153

T = 500 0.502 0.11 2.003 0.148 –1.506 0.153 –0.503 0.121 –0.999 0.083 2.002 0.091

(ρ = 0.8)

T = 50 0.46 0.39 2.031 0.531 –1.461 0.521 –0.52 0.453 –1.02 0.275 2.027 0.325

T = 100 0.503 0.274 1.995 0.294 –1.511 0.301 –0.513 0.293 –1.008 0.153 2.017 0.177

T = 200 0.497 0.155 2.011 0.184 –1.501 0.187 –0.496 0.16 –1.003 0.104 2 0.115

T = 500 0.501 0.086 2.002 0.112 –1.504 0.112 –0.501 0.092 –0.999 0.061 2 0.067

5 �0 
Â6A6B1�,� w�x �6¡6¢ g6£ o ��N B u�v F�HóÖ6¤ Æ�¥ , \�m u6¦6:6§6¡6¢1B,���6¨6© F O ã . X�ß Ç

Â6A6B1�,� w�x f�è6ª6« , �6¬�V g � o�A6@6e6f F Â6A6B1�,� w�x , ¢ M�×66®6¯ W�X�_�n�����³�o�A Ç
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w�x ^�_�`�a F �6� . m `�a H�Ö � , X�ß�à�á�Æ�i Hwang ³ Schulman[12] F Ä�Å6Â�o�A6@6e6f�Â6A6B1�
� w�x6Ã Ï � e6f F o�A�Â6A6B1�,� w�x ,

Ã�æ ¬6Ä�[ w�x�F À�Á ä�å Â Ã `�a . 56768696:6; P s , X�ß6¬
Ä F ^�_�`�a H�Ö A ¤�m Á�W�X m6Å ���6\�W�X ¥�ì ���q��h P Õ , \  �[ H�Ö�Ç�w�x C�D�E M�ø�F � z NB = ¦ P Õ � V6r6Æ F6Ç6È = . X�ß6¬6Ä F `�a H�Ö�Ç g6£ o ��N B w�x�F ^�_�`�a����6r6h F6É6Ê6Ë ã .
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