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Abstract In rough set model, α quantitative indiscernibility relation is a generalization of both strong

and weak indiscernibility relations. However, such three indiscernibility relations based rough sets do

not take the test costs of the attributes into consideration. To solve this problem, a test-cost-sensitive

α quantitative indiscernibility relation based rough set is proposed. From the viewpoint of the binary

relation, the new rough set is then sensitive to test costs. Moreover, the relationships among strong,

weak, α quantitative and test-cost-sensitive α quantitative indiscernibility relations based rough sets are

explored. Finally, it is noticed that the traditional heuristic algorithm does not take the decreasing of

cost into account. Therefore, not only a new fitness function is proposed, but also such fitness function is

carried out in genetic algorithm for obtaining reduct with minor test cost. The experimental results show

that such approach not only decreases the uncertainty comes from boundary region, but also decreases the

cost of reduct.

Keywords rough set; α quantitative indiscernibility relation; test-cost-sensitive; attribute reduction

����: 2015-06-17

{���: ��� (1989–), 	, �, �����, ���
�, �
��: �		, �
��, ���, E-mail: justjuhen-

grong@126.com; 
��	: 
�� (1962–), 	, �, �����, �, ���	�, �
��: �����, ���	
�,


�������, E-mail: zhouxz@nju.edu.cn; �� (1977–), �, �, ���Æ�, ��, ��, �
��: �� agent�
agent 
, E-mail: yangpei@nju.edu.cn; �� (1977–), 	, �, �����, ��, ��, �
��: ���, ����, ��
��, E-mail: huaxiongli@nju.edu.cn; ��� (1980–), 	, �, ����, ��, �� (�), �
��: ����		�
���, E-mail: zhenjiangyangxibei@163.com.

����: �������� (61572242, 71671086, 61473157); ����
���
�����	��� (KYLX16 0021)

Foundation item: National Natural Science Foundation of China (61572242, 71671086, 61473157); Postgraduate Innovation

Foundation of Jiangsu Province of China (KYLX16 0021)

|�����: ���, 
��, ��, �. ���
�������� [J]. 
������, 2017, 37(1): 228–240.

������: Ju H R, Zhou X Z, Yang P, et al. Test-cost-sensitive based rough set approach[J]. Systems Engineering —

Theory & Practice, 2017, 37(1): 228–240.



� 1� ���, �: ���
�������� 229

1  !

����� [1] � Pawlak�����������������. �������� �, ��!�"

�������,  ���!�"�, Pawlak #�!���"��$#$��%���. %�, �����

��%&���&���������' �!��(��"�# )*� [2−6].

� ��, ��+!!'��",-$�#!(��"#.)$*"�%"&� [7],  $+���� 

���(���$/0&%&��������'"$#. (', ,1)�#�� �!2(34,5%: (

!/'���!&��, Ziarko[8] ��!)6*���; (!!*"+' ���#,, Greco "� [9] �

�!$'"����; (!�+#%"#,��-$, Qian "� [10] ��!#.)���-./!%&�

� [11−13]; +(.�"#.)&�(&-"#.), Dubois "� )!&-��� [14] � ; 078���

�$��)*&��+, .#����!/�+/�&�1'"� [15] $,2��!�"�; �0 [16] �,

Zhao ' Yao -( Pawlak ���!�"��$0�11, (', .9��!/��!�"�$* α :)�

�!�"�, 200(& α $3;+23�"'12,&�4�.

33, �4�/����&/45-478���25��, 5)�25<6�5 [17−19] ���6="
*��">*6����, $ )7�25<6����&/+�������?�6���"�878
�. 0���45� )�+$@, 25(#�!(' 25'7725. 5%, ' ������ [20−22]

08!78!����' 25. A��B, “8�C"D9�99”, ���9:������, ���;:

�-�<��::4=25�, ;E(7725, %�F<���, =��;,<;'>>�+?0-�7
80-9��+3"�#=<, ?.:0@:! ��@' �25 [23]. /+A�2, Min "� [24−26] G>

+7725?=/����0B���. 3?@C��, Min "�� )4H+7725?=/���45

�"�&/�, .A>���+����,���A3�7725B". �����DB-(, ��&/�

+I���'A"�=JE"�, �C�)���ÆD$K�="��A4:�4��L@. 77251(
����41�,2, ������F&���78"����772533�'A"�'JE"�.

(!/'�4��, C�+7725?=/ α:)��!�"��,��!7725<6� α :)��

�&/, -?�!7� Pawlak ��!�"��/��!�"��α :)��!�"�����&/�E�
�&/33�"�. '), =(2,0B������� )4(%&�!�,  $-?�6787725

<6� α :)����0B��. �7725<6� α :)���&/�, M42,D�G5!7725,

.(2,0B��!E��$, 26F;.�"'+NG25�0B. =(E��@��A �$/0B�
0��-47825=<,  $47O�F 0� �B> , $.��� "0B, 3HC;�E��"
NG7725�0B. 3?A� -B> "�H�2,8�, ��APEIA(�*0J. 1+, 78/

�"��(& α ��"��K(Q=�GL�+2.D, �'EC�H!�"���;)).�*:C"
�878. (/'.:��, 40+2,0B��9)($)��, FIE�2,G�,M�-I�@EA
 ?H��$/.

2 "#$:%&

2.1 Pawlak ';(
C�)�, �4"#���A>(H'<C% IS =< U, AT, V, f >, E� U = {x1, x2, · · · , xm} ( )

+2�"I�K, ;(��; AT (R4+2�IJ2, <:��K; V = ∪a∈AT Va (2,�K AT �&
�, E� Va (2, a �&�; f : U × AT → V ("#M�, A>+M�4 x ∈ U, a ∈ AT, f(x, a) ∈ Va. J

��, 0"#���2,� AT = C ∪D K C ∩D = ∅ (E� C (LN2,�K, D (' 2,�K) +, "

#��J�;(' ��.

)* 1 S IS (' ��, ∀A ⊆ C, ��8�41'"�:

IND(A) = {(x, y) ∈ U2 : f(x, a) = f(y, a), ∀a ∈ A} (1)

; IND(A) ()2,� A ;:���!�"�.
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)* 2 S IS (' ��, ∀A ⊆ C, ∀X ⊆ U , X 7���!�"���"��K AS(X) ��"��
K AS(X) !��8(:

AS(X) = {x ∈ U : [x]A ⊆ X} (2)

AS(X) = {x ∈ U : [x]A ∩X 	= ∅} (3)

E� [x]A = {y ∈ U : (x, y) ∈ IND(A)} A> x �"5+.

2.2 +=,->.';(
)�8 1 �$�����M7�T4+2U*��!�"�0KV0.T4+2� "�2,�D�

"'1�2,&, .���OK11�1'"�, Zhao � Yao +E;(N��!�"� [16]. �O= )
Pawlak ��!�"��7L�, Zhao � Yao ��!/��!�"��$# [16]. /��!�"�+�$�
 "2,��:&'".�LN?H!/),-(M7T4+2?���4=�4$��2,��"'1�
2,&, WX.T4+20U*/��!�"�, �P�8%�:

WIND(A) = {(x, y) ∈ U2 : f(x, a) = f(y, a), ∃a ∈ A}.
33, /��!�"�U*@P,�+;,, =?��4'Q"�.

)* 3 S IS (' ��, ∀A ⊆ C, ∀X ⊆ U , X 7�/��!�"���"��K AW (X) ��"�
�K AW (X) !��8(:

AW (X) = {x ∈ U : [x]WA ⊆ X} (4)

AW (X) = {x ∈ U : [x]WA ∩X 	= ∅} (5)

E� [x]WA = {y ∈ U : (x, y) ∈ WIND(A)} A> U � "� x �"/��!�"��+2�K�.

2.3 α /0';(
N��!�"�'/��!�"�!�2AAT�QMEY,2N��!�"��$� "2,��:

&D'", ?/��!�"�B�$��4=�4$��2,��"'1�2,&. )'�RT�D�H8
!RP�"'12,&�2,�%���!�"��NK���ZS. (', Zhao � Yao[16] O:)�Z*

+��!�"�?H!O= ).

)* 4 S IS (' ��, ∀A ⊆ C, ∀(x, y) ∈ U2, +233���!��* indA(x, y) �8(:

indA(x, y) = |{a ∈ A : f(x, a) = f(y, a)}|/|A| (6)

E� |X | A>�K X �7�.

)* 5 S IS (' ��, ∀A ⊆ C, α :)��!�"��8%�:

indα(A) = {(x, y) ∈ U2 : indA(x, y) ≥ α} (7)

E� α ∈ (0, 1].

S�$��8, U � "� x �" α :)��!�"� indα(A) �+2�K�B�A>( [x]αA, 2

[x]αA = {y ∈ U : (x, y) ∈ indα(A)}.
(!P��/ α :)��!�"���8, 0�T�!�4' A�5, �P1Q%5 1  >.

1 1 #��4' "#A IS =< U, C ∪D, V, f >, %A 1  >, E� U = {x1, x2, x3, x4, x5, x6} (
��, C = {a1, a2, a3, a4, a5, a6} (LN2,�, D = {d} (' 2,, T� α = 0.5, S��8 5 �./

[x1]αC = {x1, x3, x4, x5, x6}, [x2]αC = {x2, x3}, [x3]αC = {x1, x2, x3}, [x4]αC = [x5]αC = [x6]αC = {x1, x4, x5, x6}.
C 1 2DC34

a1 a2 a3 a4 a5 a6 d

x1 0 0 0 0 0 1 0

x2 1 1 1 1 1 1 0

x3 0 1 0 1 1 1 0

x4 1 1 0 0 0 0 1

x5 0 0 0 0 0 0 1

x6 0 1 1 0 0 0 1
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S� α :)��!�"�, �[@F7� α :)��!�"�����&/, E�8%� >.

)* 6 S IS (' ��, ∀A ⊆ C, ∀X ⊆ U , X 7� α :)��!�"���"��K Aα(X) ��
"��K Aα(X) !��8(:

Aα(X) = {x ∈ U : [x]αA ⊆ X} (8)

Aα(X) = {x ∈ U : [x]αA ∩X 	= ∅} (9)

[Aα(X), Aα(X)] B�;( X � α :)���.

3 E5678 α 9:;F<

�4� α ��!�"�42��OLN2,�4�Z*?H"��@G, .�� +�C"�8��
Æ\���,�HK"L. 5�, ��8�����, M9;:���NN�Q�:JT��IO�L8, 2

+2 P"�2,*2,&��"��78�. A 2 #�!�4Q=>>LU��5' A, E�?���
�( 6 �<JV�, LN2,(<J>>R%, R%!(KW>>'IR>>, E� {PS�TRUS�XT
U�]>}(KW>>, {T9VV�Q^>>}(>>�YV"Q=�IR>>. WS��8 5, BV� P1 '

P5 2�1�+�, 33.��K��, =(V� P5 �Q^>>�:W,. (', �,��8����+, E

�� α:)��!�"�3.BH(4. �'1+, �; X*/�Y����&/-478���25�
�, 3?��������, ���;:-��D9�. (!/'.4��, Min "� [24] +7725?=/

"#���, �P�R4R�8 7.
C 2 =K>L?42DC

ZX YUZV ZY[ _[ WX[\ \`[Y ]Æ\M\Z
P1 N[ N[ N[ N[ N[ ][ ]

P2 a� a� a� ][ ][ ][ ]

P3 N[ a� N[ ][ ][ ][ ]

P4 a� a� N[ N[ N[ N[ Æ

P5 N[ N[ N[ N[ N[ N[ Æ

P6 N[ a� a� N[ N[ N[ Æ

3.1 O@ABCDE α /0';(
)* 7 7725<6' �� CS ��4]'<: CS =< U, C ∪D, V, f, c∗ >, E�: U , C ∪D, V ' f

�L8�\�; >'1, c∗ : C → R
+ ∪ {0} (7725M� (R+ A>P���), 2 c∗(C) =

∑
a∈C c∗(a)

E� c∗(a) A>]42, a �7725.

40TF "2,�7725D(� 0. (!�7725<6' ��� )+233�'��*, -

?=%� >�JQM�$#.

)* 8 S CS (7725<6' ��, E� A ⊆ C, ∀x, y ∈ U , ∀a ∈ A, �8JQM�%� >:

Fa(x, y) =

{
1 : f(x, a) = f(y, a)
0 : f(x, a) 	= f(y, a)

)* 9 S CS (7725<6' ��, ∀A ⊆ C, ∀(x, y) ∈ U2, +233���!��*�8(:

indc∗
A (x, y) =

∑
a∈A c∗(a) · Fa(x, y)

c∗(A)
(10)

S��8 9, �$�87725<6' ���� α :)��!�"�, �PC�%�8 10  >.

)* 10 S CS (7725<6' ��, ∀A ⊆ C, α :)��!�"��8%�:

indc∗
α (A) = {(x, y) ∈ U2 : indc∗

A (x, y) ≥ α} (11)

E� α ∈ (0, 1].

S�$��8, 7725<6' ��� "� x �" α :)��!�"��+2�K�B�A>(
[x]α,c∗

A , 2 [x]α,c∗
A = {y ∈ U : (x, y) ∈ indc∗

α (A)}.
�8 9 ' 10 +7725^K/1'"��@F�, .F��^K^R7��T�, 22,�772

5S(APA2,S��. AT��K��, 5%�A 2 �, IR>> -��9�&�TJ�KW>>
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 -��9�; Q^>>�9�J^T9VV�J.#, =(Q^>>�LU_U�. A 3 T�!.`�
>7 -��9�, S��8 9 ' 10, B�./ [P1]α,c∗

C =[P2]α,c∗
C =[P3]α,c∗

C = {P1, P2, P3}, [P4]α,c∗
C =

[P5]α,c∗
C =[P6]α,c∗

C = {P4, P5, P6}. �A5�, _3V� P1 >>�KWR%LUD�PK�, 5��Q^>
>LU`���^�, ='.&%Oa<;F_, b+V7`b=I:�:Wc.

C 3 =K>L��FGHI�
a ZX YUZV ZY[ _[ WX[\ \`[Y

c�(a) 2_ 10 _ 10 _ 15 _ 50 _ 100 _

S��8 10, �@F7725<6� α :)���&/, E�P�8%� >.

)* 11 S CS (7725<6' ��, ∀A ⊆ C, ∀X ⊆ U , X 7� α :)��!�"���"��

K Ac∗
α (X) ��"��K A

c∗

α (X) !��8(:

Ac∗
α (X) = {x ∈ U : [x]α,c∗

A ⊆ X} (12)

A
c∗

α (X) = {x ∈ U : [x]α,c∗
A ∩X 	= ∅} (13)

[Ac∗
α (X), A

c∗

α (X)] ;( X �7725<6� α :)���.

)J 1 S CS (7725<6' ��, ∀A = {a1, a2, · · · , an} ⊆ C, W c∗(a1) = c∗(a2) = · · · = c∗(an),

B ∀X ⊆ U , ":

Ac∗
α (X) = Aα(X), A

c∗

α (X) = Aα(X) (14)

KL =( c∗(a1) = c∗(a2) = · · · = c∗(an), �aF c∗(a1) = c∗(a2) = · · · = c∗(an) = c, WX ∀x, y ∈ U ,

S��8 5 '�8 9 ��:

y ∈ [x]α,c∗
A ⇔ indc∗

A (x, y) ≥ α

⇔
∑

a∈A c∗(a) · Fa(x, y)
c∗(A)

≥ α

⇔
∑

a∈A c · Fa(x, y)
c · |A| ≥ α

⇔
∑

a∈A Fa(x, y)
|A| ≥ α

⇔ |{a ∈ A : f(x, a) = f(y, a)}|
|A| ≥ α

⇔ y ∈ [x]αA.

S��4a`�� [x]αA = [x]α,c∗
A ,  $XS������8, Ac∗

α (X) = Aα(X) � A
c∗

α (X) = Aα(X) 3

3:d.

�� 1 RP!W7725<6' ��� "2,�7725D'1, WX7725<6� α :)�

��0b)( Zhao � Yao ��� α :)���.

)J 2 S CS (7725<6' ��, ∀A ⊆ C, ∀X ⊆ U , ":

1) α > 0⇒ Ac∗
α (X) ⊇ AW (X), A

c∗

α (X) ⊆ AW (X);

2) α = 1⇒ Ac∗
α (X) = AS(X), A

c∗

α (X) = AS(X).

KL ∀x, y ∈ U , =( α > 0 K40 ?��7725DTF(� 0,  $0"
y ∈ [x]α,c∗

A ⇒ indc∗
A (x, y) ≥ α

⇒
∑

a∈A c∗(a) · Fa(x, y)
c∗(A)

> 0

⇒∑
a∈A Fa(x, y) > 0

⇒ ∃a ∈ A, f(x, a) = f(y, a)

⇒ y ∈ [x]WA .

)�4?��� [x]α,c∗
A ⊆ [x]WA ,  $XS������8, Ac∗

α (X) ⊇ AW (X), A
c∗

α (X) ⊆ AW (X) 33:d.

+��, �[Y.L� 2.
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)�� 2�$@�, 7725<6� α :)���&/� Pawlak���'7�/��!�"����
�e�. 0 α > 0 +, 7725<6� α :)�"��GL7�/��!�"����"��, 7725<

6� α :)�"��GL�7�/��!�"����"��; 0 α = 1 +, 7725<6� α :)�/�

"��� Pawlak �/�"��'".

c 1 #�!0� 4H����&/�1L@, @ad�A>�K33$�GL"�. c�M4B2A
"��K=��"��%�. �Db, �[./%�L�:

1) 7725<6� α :)���"��� α :)���"��33
�$�GL"�; +��, 7725<6� α :)���"��� α :)

���"��33J�$�GL"�; 2) �"�%"%���B, Pawlak

����α :)���'7725<6� α :)���D$�7�/��
!�"�����&/.

)J 3 S CS (7725<6' ��, ∀A ⊆ C, ∀X ⊆ U ,W 0 < α1

< α2 ≤ 1, B":

Ac∗
α1

(X) ⊆ Ac∗
α2

(X), A
c∗

α1
(X) ⊇ A

c∗

α2
(X) (15)

KL ∀x, y ∈ U , =( 0 < α1 < α2 ≤ 1,  $" y ∈ [x]α2,c∗
A ⇒

indc∗
A (x, y) ≥ α2 ⇒ indc∗

A (x, y) ≥ α1 ⇒ y ∈ [x]α1,c∗
A , 2 [x]α2,c∗

A ⊆ [x]α1,c∗
A .

XS������8, Ac∗
α1
⊆ Ac∗

α2
� A

c∗

α1
⊇ A

c∗

α2
33:d.

)* 12 S CS (7725<6' ��, ∀A ⊆ C, U/IND(D) =

{X1, X2, · · · , Xt} �)' 2,� D Z`������b!, WX"�2
:��8(:

γ(A, α, D) = | ∪ {Ac∗
α (Xj) : 1 ≤ j ≤ t}|/|U | (16)

( )WA X

( )A Xα
*( )cA Xα

( )SA X

( )SA X

*
( )

c
A Xα( )A Xα

( )WA X

X

M 1 N}O[PQRSTHUV

)J 4 S CS (7725<6' ��, ∀A ⊆ C, W 0 < α1 < α2 ≤ 1, B":

γ(A, α1, D) ≤ γ(A, α2, D) (17)

KL S��� 3 �LU, �� 4 33:d.

3.2 WXY\
4G;+00�e, O"�2:�Z*+7�N��

!�"�, /��!�"�, E�:)��!�"�$*7

725<6�H����&/?H+^!*.

A 4f�!�e�c�� 6 <77���74"#,  

"���g%� UCI ���. +�M4���;:U*c
d!d� 10<�1�7725. �e]Hch(Windows

7 & Matlab R2012b.

C 4 ?Z[\�^]^
f� ��� ged� ehd� if�d�

1 Adult 1605 14 2

2 Dermatology 366 34 6

3 Soybean 307 35 4

4 Spect Heart 267 22 2

5 Wdbc 569 30 4

6 Zoo 101 16 7

�eLU%A 5  >, �A 5 �!�)H����&/IA 6 <�e��� ./�"�2:, )�:
)���&/)(&3;, ='�4<�e�!�;:! 10 4�1� α &, -IA��1 α &��"�2
:. (!B)A1, A 5 +7�N��!�"�����&/Bi( PRS, 7�/��!�"�����&
/Bi(WRS,�:)���&/A>�,40���7725<6����&/e( TCS,E�O772

5<6����&/e( NTCS. )A 5 ��eLU�[./%�L�:

1) �H����&/�, PRS Hf./4(�"�2:; 'P, WRS H./4G�"�2:. 0 α = 1

+, :)���./�"�2:�) Pawlak ���./�"�2:'1, AL���� 2 ���LU�j

K�. 2) �:)���&/�, fA(& α ��g_(,  ./�"�2:JS$S(, AL�J��� 4

���LU'jK. 3) ) TCS ' NTCS �"�2:+^���, 7� TCS ����;.�"�2:"�
=Æ/J� NTCS, )'�R, +7725?=���&/����*��$�g&/�"�2:.
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C 5 N}O[PQRH_`~a`b

f� WRS
hh α iak� α jg���

PRS
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1 0
TCS 0 0.0006 0.0012 0.0012 0.0050 0.0604 0.2978 0.6517 0.8729 0.9794

0.9794
NTCS 0 0 0.0012 0.0012 0.0019 0.0561 0.1869 0.6710 0.8611 0.9794

2 0
TCS 0 0 0 0 0 0.1011 0.4727 0.7951 1.0000 1.0000

1.0000
NTCS 0 0 0 0 0 0.0820 0.4426 0.8005 0.9891 1.0000

3 0
TCS 0 0 0 0.0033 0.1173 0.4300 0.7459 0.9674 1.0000 1.0000

1.0000
NTCS 0 0 0 0.0033 0.0717 0.3388 0.6808 0.9316 1.0000 1.0000

4 0
TCS 0 0 0 0 0.0112 0.0524 0.1610 0.3408 0.6404 0.8165

0.8165
NTCS 0 0 0 0 0 0.0599 0.1536 0.3221 0.5843 0.8165

5 0
TCS 0 0 0 0 0.0158 0.0264 0.2619 0.9824 0.9965 0.9965

0.9965
NTCS 0 0 0 0 0 0.0228 0.0422 0.8717 0.9965 0.9965

6 0
TCS 0 0 0 0 0 0.0198 0.2277 0.7624 0.9406 1.0000

1.0000
NTCS 0 0 0 0 0 0.0099 0.2376 0.6238 0.9406 1.0000

kla 0
TCS 0 0.0001 0.0002 0.00075 0.0249 0.1150 0.3612 0.7499 0.9084 0.9654

0.9654
NTCS 0 0 0.0002 0.00075 0.0245 0.0949 0.2909 0.7035 0.8953 0.9654

4 cdef

2,0B�������b� )1Q3�. E�2,0B�!m��l$H!I:*:�)�EY
�, 00jikc2,, $./B)���. 3?, ld' A�4G0B��YP��4 NP-hard ��, �
,�(W&��+IA+325.(. /+.���, m#����!m#JL�0BA [27], @��lm

� 0�E���4�/2A.

4.1 ghijÆ
7b�8 9 ���, �7725<6' ���, 40���:)���&/�"�2:-���fA

2,��2,�_# (hD) ?]3_i (hG). ('4;?="�!d0B�!^�$�����&/�
�"�!d��;)), ??��H!"�2:�)�%�.

)* 13 S CS (7725<6' ��, α ∈ (0, 1], U/IND(D) �)' 2,� D Z`�����
�b!, B7�LN2,� C �"�!d���8(: Lα(C) = {Cc∗

α (X1), Cc∗
α (X2), · · · , Cc∗

α (Xt)}, +�M
7�2,8� A ⊆ C, A (7725<6' �� CS ��"�!d0B0KV0:

1) A (7725<6' �� CS ��"�!dn3�, 2 Lα(A) = Lα(C);

2) +� A �M7e8� A′, A′ �(7725<6' �� CS ��"�!dn3�, 2 Lα(A′) 	= Lα(C).

S CS (7725<6' ��, α ∈ (0, 1], ∀A ⊆ C, ∀ai ∈ A, ai ���*�8(:

Sigin(ai, A) =

∑t
j=1{|Ac∗

α (Xj)⊕A− {ai}c
∗

α
(Xj)|}

|U | (18)

E� X ⊕ Y A>�K X ��K Y �+;j, )���$@�, Sigin(ai, A) Po!+ ai O0�LN2,�

A �jiH�"��))�*, '��, J��8

Sigout(ai, A) =

∑t
j=1{|A ∪ {ai}c

∗

α
(Xj)⊕Ac∗

α (Xj)|}
|U | (19)

E�, ai ∈ C − A, Sigout(ai, A) �$*:d2,� A _i2, ai H�"��))�*. S��42,��
�*�$FI@��2,0B%A 1  >.

jÆ 1. 7�@���2,0BA (HAAR).

kl: 7725<6' �� CS, α;

kf: 0B Red *E7725 c∗(Red).

g� 1. IA�"�!d� Lα(C);

g� 2. Red← ∅;
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g� 3. ∀ai ∈ C, IA2, ai ���* Sigin(ai, C);

g� 4. W aj U* Sigin(aj , C) = max{∀ai ∈ C : Sigin(ai, C)}, B Red← aj , IA Lα(Red);

g� 5. W Lα(Red) 	= Lα(C), B�($�pc, YB96h 6;

1) ∀ai ∈ C −Red, IA Sigout(ai, Red);

2) W Sigout(aj , Red) = max{Sigout(ai, Red) : ai ∈ C −Red}, B Red = Red ∪ {aj};
3) IA Lα(Red);

g� 6. ∀ai ∈ Red, W Lα(Red− ai) = Lα(C), B Red = Red− ai;

g� 7. n� Red * c∗(Red).

4.2 min0jÆ
A 1 +�"��))�*1(j:2,�Y����U. 3?�77<625' ���, NNqr

+�"NG7725�2,�1(0B. _3C�������&/+7725<6, 5��0�@��A
 0��-4s3kk0B7725.�%�. �44B]�l$NG7725�F �B> , 2$.'

 ��� "0B, 3Ho;�E��"NG7725�0B, %lpA '!�nj� , 3?.:� 
-�B>' ��� "�H�2,8�, IA(�*0J, [$G���8�����-�. /+.�E
Y, Min "�I�@��A FI!��7�"#_t�iq0BA (IGWAR)[25]. '), )A 2 �$�

�, 0(& α NG+, "�2:�&( 0 =�.G, 2 α :)���&/��"�(Q=�GL�+2.D.

�'EC�, H!�"����;))3.78�(. r�:k�, �9mqr�l$�42,8�c.�
"�o�H_(1+E7725NG. (��.�%�, 40+2,0BV(2,$)��. O$)Z*7
8, l$c.�"�o�H_(-K�"NG7725�2,8�. �$)���, G�,M��nA"o
1�, G�,M�FI�p�q+:7Ouv$)�LU. +�LN2,� C �M78� A, 40�8G�

,M�%�:

Fit(A) = γ(A, α, D) +
c∗(C) − c∗(A)

c∗(C)
(20)

)� (20)��, AG�,M�1+rs!�"��$*7725, $/U*LN�2,8�2�9)($c
Fit(A) 4(�2,� A.

40;:@EA ��$)��, �@EA �, MLsSP)l*( |C| �1?R+fA>, E� “1”

A>'��2,$��AsSP�, 'P “0” A>A2,��AsSP�. 7�@EA �2,0BA %
A 2  >:

jÆ 2. 7�@E$)�2,0BA (GAAR).

kl: 7725<6' �� CS, α;

kf: 0B*E7725.

g� 1. mt): n;4m�u�'4(K)2�;

g� 2. IAG�,M�, +G�,M�?Hpt, WU*vlLN, 9\ 6 6, YBmH\ 3 6;

g� 3. ;,: I�9qo;,��;,+2n;��2;

g� 4. up�)w: +;:�E�2?Hupq1')wq1;

g� 5. ptE�2�G�,M�;

g� 6. O0��u�;,4$�0B*E25.

4.3 oBpn
(!7D�+A �LU?H^N, %R�rDK��A LUp5o�. +�7725<6���&

/�2,0B?D, ' WB'7725�T4����B. ' WB����&/����"��Kst
u�?7725B�LN2,"u. 40+O.T4�B��, R�%�H�p5o�.

1) WB))o� (RC)

�������, S�%�����"��, �$+��b!(Y4v�'u�Æ�, 2P��r,�'
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w�. ∀X ⊆ U , ∀A ⊆ C, )7725<6� α :)���&/ Z`�Y4Æ��!�A>(:

POSα(A, X) = Ac∗
α (X) (21)

BNDα(A, X) = A
c∗

α (X)−Ac∗
α (X) (22)

NEGα(A, X) = U −A
c∗

α (X) (23)

)�@EA ./�0B#4�l$4(�"�2:, ?"�2:�)�"�'��, ='�7bI�
�10BA 0BH�P��r,�'w��)), !�e( PRCα�BRCα ' NRCα. TF2,� A ⊆ C

)(A ./�0B, U/IND(D) = {X1, X2, · · · , Xt} (' 2,Z`��b!, B:

PRCα =

∑t
j=1(|POSα(A, Xj)| − |POSα(C, Xj)|)

|U | (24)

BRCα =

∑t
j=1(|BNDα(A, Xj)| − |BNDα(C, Xj)|)

|U | (25)

NRCα =

∑t
j=1(|NEGα(A, Xj)| − |NEGα(C, Xj)|)

|U | (26)

%��8� PRCα�BRCα ' NRCα 2WB))o� RC ��PP�. PRCα > 0 AP0BH���
;:�P�WB�#�pt���P�WB; PRCα = 0AP0BH���;:�P�WB�pt���P
�WB'1; PRCα < 0 BAP0BH���;:�P�WB�D�pt���P�WB. +��/wG�
� BRCα ' NRCα.

2) 0B7725o� (RTC)

7725�40�xx$#, )�E�:), �7OI:7725(��p5o�. +��4"772
5����, TF2,8� A (�A ?H2,0B�1H./�0B, B��80B7725o�(:

RTC = c∗(A) =
∑
a∈A

c∗(a) (27)

3) "�2:7725qKo� (AQTC)

40 3.2;�8�$)G�,M�^K!"�2:'7725, $s/�kk0B7725�EY�o
�H�J"�2:. .�EYQ�H:��7725kk�.D,"�2:`hD.#�QMEY. (',&

%R�P�"�2:'7725�qKo�. TF2,8� A ⊆ C (�A ?H2,0B�1H./�0
B, B��8 AQTC o�%�:

AQTC = γ(A, α, D) − γ(C, α, D) +
c∗(C)− c∗(A)

c∗(C)
(28)

7bA�8, ��B,)� γ(C, α, D) ∈ [0, 1], γ(A, α, D) ∈ [0, 1],WX (γ(A, α, D)−γ(C, α, D)) ∈ [−1, 1];

A��B, c∗(C)−c∗(A)
c∗(C) ∈ [0, 1) 33:d. ='�./ AQTC ∈ [−1, 2). AQTC < 0 A>"�2:*x!.

#, A LU�p; AQTC > 0 A>A rPs/!kk7725'�J"�2:.�qK%�.

4) 0Bl*o� (RL)

p50BA �LUJ�O0B�l*?H78. �t?D, 0Bl*o�����00B�1H2,
8�GL�2,4�. TF2,8� A ⊆ C (�A ?H2,0B�1H./�0B, B��8 RL o�
%�:

RL = |A| (29)

4.4 WX-q
4;+00�e+^!*40���@��A (HAAR) '@EA (GAAR), (!RP40A �

"L,, 407�7725<6���&/(�! Min "���� IGWAR A -I�p5o�?H!+
^!*. 4@�e1F;:A 3 #�� 6 <���?HIA, +�M4���;:U*cd!d� 10 <�
1�7725.

A 6 sA 11 f�! 6 <����eLU. M�4A+��4���� 10 <�17725��bg�
eLU. (!uD�eb8, �MtA�!�IA!A���� 10 <�1�(&�./0B�P��r,
��w��)), $*0Bl*, 2 PRCα�BRCα�NRCα ' RLo�&. 7b0� >A�./%�L�:
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C 6 r� RC s RL tuH`b (Adult [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.034 0 0 −0.068 0 0 0.034 0 1 1 2

0.2 0 0.023 0 0 −0.446 0 0 0.423 0 3.5 1.8 3.8

0.3 0 0.030 0 0 −0.261 0 0 0.231 0 8.1 1.9 8.6

0.4 0 0.026 0 0 −0.252 0 0 0.223 0 7 1.3 7.3

0.5 0 0.020 0 0 −0.441 0 0 0.420 0 9.1 2 10.1

0.6 0 0.117 0 0 −0.234 0 0 0.117 0 12.4 2.1 13.4

0.7 0 0.079 0 0 −0.158 0 0 0.079 0 14 2.8 13.9

0.8 0 0.053 0 0 −0.106 0 0 0.053 0 13.9 4.1 13.9

0.9 0 0.024 0 0 −0.048 0 0 0.024 0 13.7 6.1 13.9

1.0 0 −0.109 0 0 0.217 0 0 −0.109 0 10 5.9 10

C 7 r� RC s RL tuH`b (Dermatology [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.096 0 0 −0.193 0 0 0.096 0 1 1.3 1

0.2 0 0.107 0 0 −0.214 0 0 0.107 0 1 1.4 1.2

0.3 0 0.137 0 0 −0.273 0 0 0.137 0 1 1.2 1.3

0.4 0 0.140 0 0 −0.280 0 0 0.140 0 1 1.6 1

0.5 0 0.134 0 0 −0.267 0 0 0.134 0 7.1 2 7.1

0.6 0 0.097 0 0 −0.194 0 0 0.097 0 13.6 2 15.8

0.7 0 0.028 0 0 −0.056 0 0 0.028 0 16.8 2 16

0.8 0 −0.042 0 0 0.084 0 0 −0.042 0 17.5 4.3 17.9

0.9 0 −0.089 0 0 0.177 0 0 −0.089 0 19.3 7.2 20.9

1.0 0 −0.154 0 0 0.317 0 0 −0.158 0 20 9.7 19.1

C 8 r� RC s RL tuH`b (Soybean [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.300 0 −0.978 −1.688 −1.124 0.978 1.388 1.124 2 2.4 1.8

0.2 0 0.303 0 −0.904 −1.671 −1.085 0.904 1.368 1.085 2 2.6 2

0.3 0 0.366 0 −0.561 −1.483 −0.539 0.561 1.117 0.539 2 2.9 2.2

0.4 0 0.279 0 0.260 −0.816 −0.100 −0.260 0.537 0.100 4.3 4.8 7.1

0.5 0 0.319 0 0.169 −0.776 0.141 −0.169 0.456 −0.141 19.6 6 20.4

0.6 0 0.526 0 −0.072 −1.448 −0.068 0.072 0.922 0.068 26.1 6.2 26.5

0.7 0 0.261 0 −0.006 −0.669 −0.005 0.006 0.409 0.005 28.8 7.1 31.5

0.8 0 0.025 0 0 −0.048 0 0 0.023 0 28.6 5.1 26.6

0.9 0 −0.016 0 0 0.039 0 0 −0.023 0 16 5.2 11.8

1.0 0 −0.014 0 0 0.029 0 0 −0.015 0 4 5.4 4.4

C 9 r� RC s RL tuH`b (Spect Heart [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.096 0 0 −0.193 0 0 0.096 0 1 1.3 1

0.2 0 0.107 0 0 −0.214 0 0 0.107 0 1 1.4 1.2

0.3 0 0.137 0 0 −0.273 0 0 0.137 0 1 1.2 1.3

0.4 0 0.140 0 0 −0.280 0 0 0.140 0 1 1.6 1

0.5 0 0.134 0 0 −0.267 0 0 0.134 0 7.1 2 7.1

0.6 0 0.097 0 0 −0.194 0 0 0.097 0 13.6 2 15.8

0.7 0 0.028 0 0 −0.056 0 0 0.028 0 16.8 2 16

0.8 0 −0.042 0 0 0.084 0 0 −0.042 0 17.5 4.3 17.9

0.9 0 −0.089 0 0 0.177 0 0 −0.089 0 19.3 7.2 20.9

1.0 0 −0.154 0 0 0.317 0 0 −0.158 0 20 9.7 19.1
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C 10 r� RC s RL tuH`b (Wdbc [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.619 0 0 −1.244 0 0 0.624 0 2.2 1.9 2.3

0.2 0 0.511 0 0 −1.026 0 0 0.515 0 2 2.3 1.6

0.3 0 0.701 0 0 −1.407 0 0 0.706 0 2.3 2.8 2.2

0.4 0 0.714 0 0 −1.436 0 0 0.721 0 2.3 3.8 2.5

0.5 0 0.878 0 0 −1.763 0 0 0.885 0 10.2 4.8 11.2

0.6 0 0.952 0 0 −1.911 0 0 0.959 0 20.8 4.6 18.6

0.7 0 0.752 0 0 −1.507 0 0 0.755 0 28.9 3.9 29.1

0.8 0 0.146 0 0 −0.294 0 0 0.147 0 26.9 3.2 25.3

0.9 0 −0.012 0 0 0.024 0 0 −0.012 0 2.4 3.5 3.1

1.0 0 −0.008 0 0 0.016 0 0 −0.008 0 3 3.4 2.7

C 11 r� RC s RL tuH`b (Zoo [\)

α
PRCα BRCα NRCα RL

HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR HAAR GAAR IGWAR

0.1 0 0.385 0 −2.128 −3.311 −1.447 2.128 2.926 1.447 1 1.2 1

0.2 0 0.385 0 −2.128 −3.311 −1.751 2.128 2.926 1.751 1 1.2 1.5

0.3 0 0.385 0 −2.127 −3.309 −1.352 2.127 2.924 1.352 1 1.4 1.8

0.4 0 0.365 0 −1.998 −3.022 −1.463 1.998 2.656 1.462 1 1.2 1.6

0.5 0 0.385 0 −1.412 −2.594 −0.946 1.412 2.209 0.946 1 1.1 1.4

0.6 0 0.536 0 −0.005 −2.685 0.077 0.005 2.149 −0.077 10.5 2.3 10.1

0.7 0 0.484 0 0.032 −1.760 0.055 −0.033 1.276 −0.055 14.2 2.6 13.9

0.8 0 0.196 0 0.074 −0.354 0.084 −0.074 0.158 −0.084 14.4 3.1 13.8

0.9 0 0.022 0 −0.001 −0.038 0.051 0.00 1 0.017 −0.051 11.5 4.9 10.7

1.0 0 0.022 0 0 0.044 0 0 −0.022 0 6 5.3 6

• ) PRCα �LU�$��, HAAR A ' IGWAR A ��0B PRCα &g( 0, .AP HAAR A

 ' IGWAR A ��0B;:�P�' �pt���H!�#. � Zoo ����, GAAR A �

�0B PRCα &' NRCα &g(� 0, 0 α < 1 +, E. 5 <���� GAAR ��0B PRCα &J
g(� 0. .AP GAAR A c.���P�.$_(.

• ) BRCα �LU�$��, GAAR A � BRCα &�#�EY�DG� 0, .AP GAAR A �$

cr,�'+hD; ? HAAR A ' IGWAR A ��0B� BRCα &�"�����G� 0, �"
�����"� 0. '�2RP GAAR A �kk)r,�G:����,�B$�E.T�A .

• qK PRCα�BRCα'NRCα&���,P�'w�_i�&"�r,�hD�&, 2 PRCα+NRCα+

BRCα = 0. '�2APP�'w�_(�J!g$@�r,�, yD3, 7�40�8�2,G�,
M���@EA yy!r,�, cp>�:����2�v�+�+2./P��!+. 1+, �0

V7/�@EA �, 0 α = 1 +, P�'w���:+2w=!r,��, .�)��A(&�@E
A z=!xJ4$, B ./4(�P�&, '+� �@��A /'A��.

• O0Bl*Z*$@, 0(&NG+, GAAR A � RL &z(�E.T�A , 5fA"�2:�_
i, GAAR A � RL &BTG�E.T�A .

c 2f�!Y�A ./�0B7725^N,)c 2��eLU���,��:�����eLU�,

0(&NG+, GAAR A ./� RTC &20B7725z(�E.T�A , ?0(&Fv�N(+,

GAAR A ./�0B� RTC &TG�E.T�A . '�2�0Bl*��eLU+�. .��2�)
���45�L@`#�.)A 5��,0(&NG+,.#����P�(Q�,(H!�"���;)),

+�@��A ?D, Mz+�P�(Q��]42,D�$1(4w�0B, .0`#0B�?"]42
,O?kk!0B�7725. �.�EY�,_@EA ./�0B25'l*z(�@��A �0B,

5EP�./!_(, .07{A' �;.!_#�PWB. =', GAAR A ./�LU�_"78�.

A 12 f�! 6 <��� GAAR A �� AQTC o�&, 3> 6 <��� 10 4�1�(&�!�.
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/� AQTC &g(P&, .AP GAAR A rPs/!kk7725'�J"�2:.�qK%�.
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