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Abstract Reducibility is an important property of aggregation operator. Aiming at Pythagorean fuzzy

weighted Bonferroni mean (BM) operator without reducibility in related references, the Pythagorean fuzzy

reducible weighted BM operators and their applications in decision making are discussed. Pythagorean

fuzzy reducible weighted BM operator (PFRWBM) is defined, and the mathematical expression of this

operator is obtained by derivation and some properties of this operator are discussed. Almost immediately

generalized Pythagorean fuzzy reducible weighted BM operator (GPFRWBM) is proposed, and its math-

ematical expression is given and some properties are also discussed. Then, Pythagorean fuzzy reducible

weighted BGM operator (PFRWBGM) and generalized Pythagorean fuzzy reducible weighted BGM op-

erator (GPFRWBGM) are also defined, and their mathematical expression are given and some properties

of these operators are discussed. Finally, an approach to multiple attribute decision making based on

PFRWBM operators is proposed, and a practical example is given to illustrate our results.
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>? 1[15,16] Y X ��I, J7KÆ A = {< x, μA(x), νA(x) > |x ∈ X} �/0139	��, ��
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7 [17]α =< μα, να > �/0139	�0.

>? 2[39] Y ai(i = 1, 2, · · · , n) 1�Æ*T0, p, q ≥ 0, ]

BMp,q(a1, a2, · · · , an) =
(

1
n(n − 1)

n∑
i,j=1,i�=j

ap
i a

q
j

) 1
p+q

,
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J7 BM � Bonferroni �� (BM) ��, P7� BM ��.

>? 3[39] Y ai(i = 1, 2, · · · , n) 1�Æ*T0, p, q, r ≥ 0, ]

GBMp,q,r(a1, a2, · · · , an) =
(

1
n(n − 1)(n − 2)

n∑
i,j,k=1,i�=j �=k

ap
i a

q
ja

r
k

) 1
p+q+r

,

J7 GBM ��� BM ��, P7� GBM ��.

>? 4[31,32] Y αi(i = 1, 2, · · · , n) 1�Æ/0139	�0, p, q ≥ 0, w = (w1, w2, · · · , wn)T �

αi(i = 1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

PFWBMp,q(α1, α2, · · · , αn) =
(

1
n(n − 1)

n⊕
i,j=1,i�=j

((wiαi)p
⊕

(wjaj)q)
) 1

p+q

,

J7 PFWBM �/0139	��� BM ��, P7� PFWBM ��.

>? 5[20] Y αi(i = 1, 2, · · · , n) 1�Æ/0139	�0, p, q ≥ 0, w = (w1, w2, · · · , wn)T � αi(i =

1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

PFWBGMp,q(α1, α2, · · · , αn) =
1

p + q

n⊗
i,j=1,i�=j

(pαwi

i

⊕
qα

wj

j )
1

n(n−1) ,

J7 PFWBGM �/0139	��� BGM ��, P7� PFWBGM ��.
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>? 6 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) 1�Æ/0139	�0, p, q ≥ 0, w = (w1, w2, · · · , wn)T

� αi(i = 1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

PFRWBM(α1, α2, · · · , αn) =
( n⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j)
) 1

p+q

,

J7 PFRWBM �/0139	�HB(�� BM ��, P7� PFRWBM ��.

>L 1 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, p, q ≥ 0, w = (w1, w2, · · · , wn)T

1��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

PFRWBM(α1, α2, · · · , αn) = <

(
1 −

n∏
i,j=1,i�=j

(1 − μ2p
αi

μ2q
αj

)
wiwj
1−wi

) 1
2(p+q)

,

√√√√1 −
(

1 −
n∏

i,j=1,i�=j

(
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi

) 1
p+q

> .
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n⊕
i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j) =<

√√√√1 −
n∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

n∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
> .

�/0139	�0���/� αp
i =< μp

αi
,
√

1 − (1 − ν2
αi

)p >, αq
j =< μq

αj
,
√

1 − (1 − ν2
αj

)q >, 1


 αp
i

⊗
αq

j =< μp
αi

μq
αj

,
√

1 − (1 − ν2
αi

)p(1 − ν2
αj

)q >.

$ n = 2 4,
2⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j) =
w1w2

1 − w1
(αp

1

⊗
aq
2)
⊕ w2w1

1 − w2
(αp

2

⊗
aq
1)

=
w1w2

1 − w1
< μp

α1
μq

α2
,
√

1 − (1 − ν2
α1

)p(1 − ν2
α2

)q >

⊕ w2w1

1 − w2
< μp

α2
μq

α1
,
√

1 − (1 − ν2
α2

)p(1 − ν2
α1

)q >
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=<

√
1 − (1 − μ2p

α1μ
2q
α2)

w1w2
1−w1 ,

(√
1 − (1 − ν2

α1
)p(1 − ν2

α2
)q
)w1w2

1−w1 >

⊕
<

√
1 − (1 − μ2p

α2μ
2q
α1)

w2w1
1−w2 ,

(√
1 − (1 − ν2

α2
)p(1 − ν2

α1
)q
)w2w1

1−w2 >

=<

√√√√1 −
2∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

2∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
>

SY n = k 4,
k⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j) =<

√√√√1 −
k∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

k∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
> .

J n = k + 1 4,
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i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
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j) =

[ k⊕
i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j)
]⊕[ k⊕

i=1

wiwk+1

1 − wi
(αp

i

⊗
aq

k+1)
]⊕[ k⊕

j=1

wk+1wj

1 − wk+1
(αp

k+1

⊗
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j)
]
.

��N�GB, +HU

k⊕
i=1

wiwk+1

1 − wi
(αp

i

⊗
αq

k+1) =<

√√√√1 −
k∏

i=1

(1 − μ2p
αiμ

2q
αk+1)

wiwk+1
1−wi ,

k∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk+1
)q
)wiwk+1

1−wi
> .

$ k = 2 4,
2⊕

i=1

w1wk+1

1 − w1
(αp

i

⊗
αq

k+1) =
w1wk+1

1 − w1
(αp

1

⊗
αq

k+1)
⊕ w2wk+1

1 − w2
(αp

2

⊗
αq

k+1)

=
w1wk+1

1 − w1
< μp

α1
μq

αk+1
,
√

1 − (1 − ν2
α1

)p(1 − ν2
αk+1

)q

⊕ w2wk+1

1 − w2
< μp

α2
μq

αk+1
,
√

1 − (1 − ν2
α2

)p(1 − ν2
αk+1

)q >

=<

√
1 − (1 − μ2p

α1μ
2q
αk+1)

w1wk+1
1−w1 ,

(√
1 − (1 − ν2

α1
)p(1 − ν2

αk+1
)q
)w1wk+1

1−w1 >

⊕
<

√
1 − (1 − μ2p

α2μ
2q
αk+1)

w2wk+1
1−w2 ,

(√
1 − (1 − ν2

α2
)p(1 − ν2

αk+1
)q
)w2wk+1

1−w1 >

=<

√√√√1 −
2∏

i=1

(1 − μ2p
αiμ

2q
αk+1)

wiwk+1
1−wi ,

2∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk+1
)q
)wiwk+1

1−wi
> .

SY k = k0 4,

k0⊕
i=1

wiwk0+1

1 − wi
(αp

i

⊗
αq

k0+1) =<

√√√√1 −
k0∏

i=1

(1 − μ2p
αiμ

2q
αk0+1)

wiwk0+1
1−wi ,

k0∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk0+1
)q
)wiwk0+1

1−wi
>,

J k = k0 + 1 4,
k0+1⊕
i=1

wiwk0+2

1 − wi
(αp

i

⊗
αq

k0+2) =
k0⊕

i=1

wiwk0+2

1 − wi
(αp

i

⊗
αq

k0+2)
⊕ wk0+1wk0+2

1 − wk0+1
(αp

k0+1

⊗
αq

k0+2)

=<

√√√√1 −
k0∏
i=1

(1 − μ2p
αiμ

2q
αk0+1)

wiwk0+1
1−wi ,

k0∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk0+1
)q
)wiwk0+1

1−wi
>

⊕
<

√
1 − (1 − μ2p

αk0+1μ
2q
αk0+2)

wk0+1wk0+2
1−wk0+1 ,

(√
1 − (1 − ν2

αk0+1
)p(1 − ν2

αk0+2
)q
)wk0+1wk0+2

1−wk0+1 >

=<

√√√√1 −
k0+1∏
i=1

(1 − μ2p
αiμ

2q
αk0+2)

wiwk0+2
1−wi ,

k0+1∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk0+2
)q
)wiwk0+2

1−wi
> .
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k⊕
i=1

wiwk+1

1 − wi
(αp

i

⊗
αq

k+1) =<

√√√√1 −
k∏

i=1

(1 − μ2p
αiμ

2q
αk+1)

wiwk+1
1−wi ,

k∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk+1
)q
)wiwk+1

1−wi
> .

.>&, /^.06R_�HU
k⊕

j=1

wk+1wj

1 − wk+1
(αp

k+1

⊗
αq

j) =<

√√√√1 −
k∏

j=1

(1 − μ2p
αk+1μ

2q
αj )

wk+1wj
1−wk+1 ,

k∏
j=1

(√
1 − (1 − ν2

αk+1
)p(1 − ν2

αj
)q
)wk+1wj

1−wk+1 > .

1,
k+1⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j)

=
[ k⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j)
]⊕[ k⊕

i=1

wiwk+1

1 − wi
(αp

i

⊗
aq

k+1)
]⊕[ k⊕

j=1

wk+1wj

1 − wk+1
(αp

k+1

⊗
aq

j)
]

=<

√√√√1 −
k∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

k∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
>

⊕
<

√√√√1 −
k∏

i=1

(1 − μ2p
αiμ

2q
αk+1)

wiwk+1
1−wi ,

k∏
i=1

(√
1 − (1 − ν2

αi
)p(1 − ν2

αk+1
)q
)wiwk+1

1−wi
>

⊕
<

√√√√1 −
k∏

j=1

(1 − μ2p
αk+1μ

2q
αj )

wk+1wj
1−wk+1 ,

k∏
j=1

(√
1 − (1 − ν2

αk+1
)p(1 − ν2

αj
)q
)wk+1wj

1−wk+1 >

=<

√√√√1 −
k+1∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

k+1∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
> .

�06R_�/N,
n⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j) =<

√√√√1 −
n∏

i,j=1,i�=j

(1 − μ2p
αiμ

2q
αj )

wiwj
1−wi ,

n∏
i,j=1,i�=j

(√
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi
> .

F-�

PFRWBM(α1, α2, · · · , αn) =
( n⊕

i,j=1,i�=j

wiwj

1 − wi
(αp

i

⊗
aq

j)
) 1

p+q

= <

(
1 −

n∏
i,j=1,i�=j

(1 − μ2p
αi

μ2q
αj

)
wiwj
1−wi

) 1
2(p+q)

,

√√√√1 −
(

1 −
n∏

i,j=1,i�=j

(
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q
)wiwj

1−wi

) 1
p+q

> .

PFRWBM ��G
(@:

>L 2 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, w = (w1, w2, · · · , wn)T 1��

LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

1) (HB() ] wi = 1
n (i = 1, 2, · · · , n), J PFRWBM(α1, α2, · · · , αn) = PFBM(α1, α2, · · · , αn);

2) (=!() ] αi = α =< μα, να > (i = 1, 2, · · · , n), J PFRWBM(α1, α2, · · · , αn) = α;

3) (HV() Y βi =< μβi , νβi > (i = 1, 2, · · · , n) �`�Æ/0139	�0, \ μαi ≤ μβi , ναi ≥ νβi

(i = 1, 2, · · · , n), J PFRWBM(α1, α2, · · · , αn) ≤ PFRWBM(β1, β2, · · · , βn);

4) (
�() Y α− ≤ PFRWBM(α1, α2, · · · , αn) ≤ α+, �� α− =< μ−, ν+ >, α+ =< μ+, ν− >,

μ− = min
i
{μαi}, μ+ = max

i
{μαi}, ν− = min

i
{ναi}, ν+ = max

i
{ναi};

5) (OT.W()Y βi(i = 1, 2, · · · , n)1 αi(i = 1, 2, · · · , n)��IOT,J PFRWBM(α1, α2, · · · , αn) =

PFRWBM(β1, β2, · · · , βn).

MN PHU 3) HV(, �Ca.
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b α = PFRWBM(α1, α2, · · · , αn), β = PFRWBM(β1, β2, · · · , βn).

� μαi ≤ μβi , μαj ≤ μβj /N, μ2p
αi

≤ μ2p
βi

, μ2q
αj

≤ μ2q
βj

, 2-
 μ2p
αi

μ2q
αj

≤ μ2p
βi

μ2q
βj

, 1
 1−μ2p
αi

μ2q
αj

≥ 1−
μ2p

βi
μ2q

βj
,U
 (1−μ2p

αi
μ2q

αj
)

wiwj
1−wi ≥ (1−μ2p

βi
μ2q

βj
)

wiwj
1−wi �

n∏
i,j=1,i�=j

(1−μ2p
αi

μ2q
αj

)
wiwj
1−wi ≥

n∏
i,j=1,i�=j

(1−μ2p
βi

μ2q
βj

)
wiwj
1−wi ,

1� 1−
n∏

i,j=1,i�=j

(1−μ2p
αi

μ2q
αj

)
wiwj
1−wi ≤ 1−

n∏
i,j=1,i�=j

(1−μ2p
βi

μ2q
βj

)
wiwj
1−wi ,I


(
1−

n∏
i,j=1,i�=j

(1−μ2p
αi

μ2q
αj

)
wiwj
1−wi

) 1
p+q ≤

(
1 −

n∏
i,j=1,i�=j

(1 − μ2p
βi

μ2q
βj

)
wiwj
1−wi

) 1
p+q .

� ναi ≥ νβi , ναj ≥ νβj /� 1− ν2
αi

≤ 1− ν2
βi

, 1− ν2
αj

≤ 1− ν2
βj

, 2-
 (1− ν2
αi

)p ≤ (1− ν2
βi

)p, (1−
ν2

αj
)q ≤ (1− ν2

βj
)q, I
 (1− ν2

αi
)p(1− ν2

αj
)q ≤ (1− ν2

βi
)p(1− ν2

βj
)q, 1
 [1− (1− ν2

αi
)p(1− ν2

αj
)q]

wiwj
1−wi ≥

[1−(1−ν2
βi

)p(1−ν2
βj

)q]
wiwj
1−wi ,2-

n∏
i,j=1,i�=j

[1−(1−ν2
αi

)p(1−ν2
αj

)q]
wiwj
1−wi ≥

n∏
i,j=1,i�=j

[1−(1−ν2
βi

)p(1−ν2
βj

)q]
wiwj
1−wi ,

H�
 [1 −
n∏

i,j=1,i�=j

[1 − (1 − ν2
αi

)p(1 − ν2
αj

)q]
wiwj
1−wi ]

1
p+q ≤ [1 −

n∏
i,j=1,i�=j

[1 − (1 − ν2
βi

)p(1 − ν2
βj

)q]
wiwj
1−wi ]

1
p+q .

1,(
1 −

n∏
i,j=1,i�=j

(1 − μ2p
αi

μ2q
αj

)
wiwj
1−wi

) 1
p+q

−
[
1 −

n∏
i,j=1,i�=j

[1 − (1 − ν2
βi

)p(1 − ν2
βj

)q]
wiwj
1−wi

] 1
p+q

≤

(
1 −

n∏
i,j=1,i�=j

(1 − μ2p
βi

μ2q
βj

)
wiwj
1−wi

) 1
p+q

−
[
1 −

n∏
i,j=1,i�=j

[1 − (1 − ν2
αi

)p(1 − ν2
αj

)q]
wiwj
1−wi

] 1
p+q

,

I s(α) ≤ s(β), 1 PFRWBM(α1, α2, · · · , αn) ≤ PFRWBM(β1, β2, · · · , βn).

>? 7 Y αi =< μαi , ναi > (i = 1, 2, · · · , n)1�Æ/0139	�0, p, q, r ≥ 0, w = (w1, w2, · · · , wn)T

� αi(i = 1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

GPFRWBM(α1, α2, · · · , αn) =

(
n⊕

i,j,k=1,i�=j �=k

wiwjwk

(1 − wi)(1 − wi − wj)
(αp

i

⊗
aq

j

⊗
ar

k)

) 1
p+q+r

,

J7 GPFRWBM ���/0139	�HB(�� BM ��, P7 GPFRWBM ��.

>L 3 Y αi =< μαi , ναi > (i = 1, 2, · · · , n)��Æ/0139	�0, p, q, r ≥ 0, w = (w1, w2, · · · , wn)T

1��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

GPFRWBM(α1, α2, · · · , αn) =< (1 −
n∏

i,j,k=1,i�=j �=k

(1 − μ2p
αi

μ2q
αj

μ2r
αk

)
wiwjwk

(1−wi)(1−wi−wj) )
1

2(p+q+r) ,√
1 − (1 −

n∏
i,j,k=1,i�=j �=k

(
1 − (1 − ν2

αi
)p(1 − ν2

αj
)q(1 − ν2

αk
)r
) wiwjwk

(1−wi)(1−wi−wj) )
1

p+q+r >.

.> PFRWBM ��, /�W� GPFRWBM ���(@.

>L 4 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, w = (w1, w2, · · · , wn)T 1��

LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

1) (HB() ] wi = 1
n (i = 1, 2, · · · , n), J GPFRWBM(α1, α2, · · · , αn) = GPFBM(α1, α2, · · · , αn);

2) (=!() ] αi = α =< μα, να > (i = 1, 2, · · · , n), J GPFRWBM(α1, α2, · · · , αn) = α;

3) (HV() Y βi =< μβi , νβi > (i = 1, 2, · · · , n) �`�Æ/0139	�0, \ μαi ≤ μβi , ναi ≥
νβi(i = 1, 2, · · · , n), J GPFRWBM(α1, α2, · · · , αn) ≤ GPFRWBM(β1, β2, · · · , βn);

4) (
�() Y α− ≤ GPFRWBM(α1, α2, · · · , αn) ≤ α+, �� α− =< μ−, ν+ >, α+ =< μ+, ν− >,

μ− = min
i
{μαi}, μ+ = max

i
{μαi}, ν− = min

i
{ναi}, ν+ = max

i
{ναi};

5) (OT.W()Y βi(i = 1, 2, · · · , n)1 αi(i = 1, 2, · · · , n)��IOT,JGPFRWBM(α1, α2, · · · , αn) =

GPFRWBM(β1, β2, · · · , βn).
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4 @ABCDEFGHI WBGM JK

>? 8 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) 1�Æ/0139	�0, p, q > 0, w = (w1, w2, · · · , wn)T

� αi(i = 1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

PFRWBGM(α1, α2, · · · , αn) =
1

p + q

n⊗
i,j=1,i�=j

(
pαi

⊕
qaj

)wiwj
1−wi ,

J7 PFRWBGM �/0139	�HB(�� BGM ��, P7� PFRWBGM ��.

>L 5 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, p, q > 0, w = (w1, w2, · · · , wn)T

1��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J
PFRWBGM(α1, α2, · · · , αn) =

<

√√√√1 −
(

1 −
n∏

i,j=1,i�=j

(
1 − (1 − μ2

αi
)p(1 − μ2

αj
)q
)wiwj

1−wi

) 1
p+q

,

(
1 −

n∏
i,j=1,i�=j

(1 − ν2p
αi

ν2q
αj

)
wiwj
1−wi

) 1
2(p+q)

> .

PFRWBGM ��G
�Æ(@:

>L 6 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, w = (w1, w2, · · · , wn)T 1��

LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

1) (HB() ] wi = 1
n (i = 1, 2, · · · , n), J PFRWBGM(α1, α2, · · · , αn) = PFBGM(α1, α2, · · · , αn);

2) (=!() ] αi = α =< μα, να > (i = 1, 2, · · · , n), J PFRWBGM(α1, α2, · · · , αn) = α;

3) (HV() Y βi =< μβi , νβi > (i = 1, 2, · · · , n) �`�Æ/0139	�0, \ μαi ≤ μβi , ναi ≥
νβi(i = 1, 2, · · · , n), J PFRWBGM(α1, α2, · · · , αn) ≤ PFRWBGM(β1, β2, · · · , βn);

4) (
�() Y α− ≤ PFRWBGM(α1, α2, · · · , αn) ≤ α+, �� α− =< μ−, ν+ >, α+ =< μ+, ν− >,

μ− = min
i
{μαi}, μ+ = max

i
{μαi}, ν− = min

i
{ναi}, ν+ = max

i
{ναi};

5) (OT.W()Y βi(i = 1, 2, · · · , n)1 αi(i = 1, 2, · · · , n)��IOT,J PFRWBGM(α1, α2, · · · , αn) =

PFRWBGM(β1, β2, · · · , βn).

>? 9 Y αi =< μαi , ναi > (i = 1, 2, · · · , n)1�Æ/0139	�0, p, q, r > 0, w = (w1, w2, · · · , wn)T

� αi(i = 1, 2, · · · , n) ��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, ]

GPFRWBGM(α1, α2, · · · , αn) = 1
p+q+r

n⊗
i,j,k=1,i�=j �=k

(
pαi

⊕
qaj

⊕
rak

) wiwjwk
(1−wi)(1−wi−wj) ,

J7 PFRWBGM �/0139	�HB(�� BGM ��, P7� PFRWBGM ��.

>L 7 Y αi =< μαi , ναi > (i = 1, 2, · · · , n)��Æ/0139	�0, p, q, r > 0, w = (w1, w2, · · · , wn)T

1��LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

GPFRWBGM(α1, α2, · · · , αn)

=<

√
1 − (1 −

n∏
i,j,k=1,i�=j �=k

(
1 − (1 − μ2

αi
)p(1 − μ2

αj
)q(1 − μ2

αk
)r
) wiwjwk

(1−wi)(1−wi−wj) )
1

p+q+r ,

(1 −
n∏

i,j,k=1,i�=j �=k

(1 − ν2p
αi

ν2q
αj

μ2r
αk

)
wiwjwk

(1−wi)(1−wi−wj) )
1

2(p+q+r) >.

>L 8 Y αi =< μαi , ναi > (i = 1, 2, · · · , n) ��Æ/0139	�0, w = (w1, w2, · · · , wn)T 1��

LMQ, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1, J

1) (HB() ] wi = 1
n (i = 1, 2, · · · , n), J GPFRWBGM(α1, α2, · · · , αn) = GPFBGM(α1, α2, · · · , αn);

2) (=!() ] αi = α =< μα, να > (i = 1, 2, · · · , n), J GPFRWBGM(α1, α2, · · · , αn) = α;

3) (HV() Y βi =< μβi , νβi > (i = 1, 2, · · · , n) �`�Æ/0139	�0, \ μαi ≤ μβi , ναi ≥ νβi

(i = 1, 2, · · · , n), J GPFRWBGM(α1, α2, · · · , αn) ≤ GPFRWBGM(β1, β2, · · · , βn);

4) (
�() Y α− ≤ GPFRWBGM(α1, α2, · · · , αn) ≤ α+, �� α− =< μ−, ν+ >, α+ =< μ+, ν− >,

μ− = min
i
{μαi}, μ+ = max

i
{μαi}, ν− = min

i
{ναi}, ν+ = max

i
{ναi};

5) (OT.W()Y βi(i = 1, 2, · · · , n)1 αi(i = 1, 2, · · · , n)��IOT,JGPFRWBGM(α1, α2, · · · , αn)

= GPFRWBGM(β1, β2, · · · , βn).
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5 OPQR

5.1 STUV
Y�X�� X = {x1, x2, · · · , xn}, 2(�� C = {c1, c2, · · · , cn}, w = (w1, w2, · · · , wn)T �2(�LM

Q, \ wi ≥ 0, i = 1, 2, · · · , n,
∑n

i=1 wi = 1. $���P(�X xi �2( cj �2(*� αij , �� αij �

/0139	�0, \2(*,2&@%�4, �4/�^.�Y�/0139	�����FA����,

EC�+�XRQRS. "1$2(*,2?'7&�4, �4�Y�/0139	�����?6.�6
., >JU(+.<�V.���=�(+. ��, ZWT�8(/0139	�HB( BM ��, 8(6.

2(*2?'&@�.�/0139	�#2(����.

KW 1: ���P(�X xi �2( cj �2(*� αij , �� αij �/0139	�0, 2-���

XU� A = (αij)mn.

KW 2: ZW/0139	�HB( BM ��N�A�XX<cY*.

KW 3: N�(A�XX<cY*�� Z0*�[3Z0*.

KW 4: ZWA�XX<cY*�� Z0�[3Z0
�XFARQRS.

5.2 STYZ
Z 1[32] [Q(\d�VeP�#0E4]^�\d\L]�_`�aW. ���IX�G, 'Y�

^���
��ZA!A	\dbM��E4. �_-�OF&=[VF05X�_��^��. �_]

P�^ZA, I GCB ZA, \[�
Ve�M�`]�X'Y�^��-c4[d�^]. GZA���
ea1�<��Yb�Æcffg\�dhe_e�8f�I<��'Y�^ig. ���+G��, _�
ZA6��j]1[
#^'Y�^`]8fkFAch, J`R�^5g8fk. �
G6��Vi��,

?^'Y�^`]8fk���h`�, I`]k
 X = {x1, x2, x3, x4}. �
���E4\l�j], G

_�ZA6�2Æ�aI2(
8fkFAch,chbk Æ�: ijCX (c1)�cd�aWYb (c2)�k

�@+ (c3)�jm�l (c4) �en�l (c5). JSY052(��L� w = (0.3, 0.1, 0.2, 0.1, 0.3)T. J\c

h*�/0139	�0, JM���I/0139	�XU. oZW;�0W�G_�ZA3'5g8f
k.

^ 1 _`abcdefghi
c1 c2 c3 c4 c5

x1 < 0.6, 0.3 > < 0.7, 0.1 > < 0.9, 0.2 > < 0.4, 0.5 > < 0.8, 0.2 >

x2 < 0.4, 0.7 > < 0.5, 0.7 > < 0.3, 0.8 > < 0.8, 0.1 > < 0.5, 0.6 >

x3 < 0.8, 0.1 > < 0.3, 0.5 > < 0.8, 0.4 > < 0.7, 0.5 > < 0.8, 0.4 >

x4 < 0.4, 0.2 > < 0.5, 0.6 > < 0.6, 0.7 > < 0.9, 0.4 > < 0.7, 0.6 >

KW 1: ��XU� A = (αij)45(m@ 1), �� αij(i = 1, 2, 3, 4, j = 1, 2, 3, 4, 5) �/0139	�0.

KW 2: � p = q = 1, ZW PFRWBM ��N�A�XX<cY*, � x1 =< 0.7275, 0.8057 >,

x2 =< 0.4784, 0.4284 >, x3 =< 0.7550, 0.7115 >, x4 =< 0.6106, 0.5669 >.

KW 3: A�XX<cY*�� Z0* Æ� s(x1) = −0.1199, s(x2) = 0.0453, s(x3) = 0.0638,

s(x4) = 0.0515.

KW 4: �A�XX<cY*�� Z0*/� x3 � x4 � x2 � x1, I'Y�^`]��5g8fk7
� x3.

5.3 jklmno
�� f PFRWBM ���l0�*
�XRQ�8g, FLbl0 p, q �.p0*, VCN�(A�

X&7�X<2(*, JE�XRQne@ 2.
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^ 2 pqrstuvwx
p, q �mqh p, q �mqh p, q �mqh

1,1 x3 � x4 � x2 � x1 5,3 x3 � x1 � x4 � x2 3,8 x3 � x1 � x4 � x2

1,2 x3 � x4 � x2 � x1 3,5 x3 � x1 � x4 � x2 8,3 x3 � x1 � x4 � x2

2,1 x3 � x4 � x2 � x1 5,5 x3 � x1 � x4 � x2 5,8 x3 � x1 � x4 � x2

4,4 x3 � x1 � x4 � x2 8,2 x3 � x1 � x4 � x2 8,5 x3 � x1 � x4 � x2

�@ 2 /�>(, $ p, q �i4, I p, q = 1, 2 4, �XRQ� x3 � x4 � x2 � x1; -$ p, q ��4, I

p, q = 3, 4, 5, 8 4, �XRQ� x3 � x1 � x4 � x2. jV, l0 p, q ��*�3
�XRQnro��8g.

"1, 2GON�=�>, PFRWBM ��=G
�'�k'(.

5.4 STUVyz
1) � PFWBM ��R�
Tl [32] ZW PFWBM ��N�(, $ p = q = 1 4, �XRQ� x3 � x4 � x1 � x2, GRQ�X�

PFRWBM �����XRQ�.&p. (+0	51�B�, �0?	��N����LYO
7��
���, "1ps PFRWBM��G
HB(, - PFWBM��.G
HB(, ��� PFRWBM���
�RQ=�o<�.

2) �/0139	� TOPSIS �N�R�

SG, `�d�\�X x+ = {< 0, 8, 0.1 >, < 0.7, 0.1 >, < 0.9, 0.2 >, < 0.9, 0.4 >, < 0.8, 0.2 >} ��T
�\�X x− = {< 0, 4, 0.7 >, < 0.5, 0.7 >, < 0.3, 0.8 >, < 0.4, 0.5 >, < 0.5, 0.6 >}.

�O, N�(tI�X�d�\�X x+ ���:; d(x1, x
+) = 0.149, d(x2, x

+) = 0.446, d(x3, x
+) =

0.106, d(x4, x
+) = 0.303.

N�(tI�X�T�\�X x− ���:; d(x1, x
−) = 0.345, d(x2, x

−) = 0.048, d(x3, x
−) = 0.420,

d(x4, x
−) = 0.191.

p, u(tI�Xd�\�X�T�\�X�&
:; l(x1) = d(x1,x−)
d(x1,x−)+d(x1,x+) = 0.6984, l(x2) =

0.0972, l(x3) = 0.7985, l(x4) = 0.3866.

p?, � l(x3) ≥ l(x1) ≥ l(x4) ≥ l(x2) /N, �XRQ� x3 � x1 � x4 � x2.

jV, G�XRQ=��$ p, q = 3, 4, 5, 8 4 PFRWBM ���RQ1�m�. 0=XU� PFRWBM

��'������
�(.

6 {|

'/0139	���
��, 2(,2vv?'.p�)�&@��, /
��	E2(&��/0

139	��� BM �.8, ���G
HB(�?./0139	��� BM ��, [q: PFRWBM �

�, GPFRBM ���� PFRWBGM ��� GPFRWBGM ��, ��ML�N�QB, W��ML�(

@. ��=�@U, /0139	�HB( BM ����.JG
HB(�=!(�HV(��OT.W(
!(@,-\�O f������R�@U,��'�r7.�/A�<��
�,\q+(�s�k'(.

j}~�
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