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Abstract Reducibility is an important property of aggregation operator. Aiming at Pythagorean fuzzy
weighted Bonferroni mean (BM) operator without reducibility in related references, the Pythagorean fuzzy
reducible weighted BM operators and their applications in decision making are discussed. Pythagorean
fuzzy reducible weighted BM operator (PFRWBM) is defined, and the mathematical expression of this
operator is obtained by derivation and some properties of this operator are discussed. Almost immediately
generalized Pythagorean fuzzy reducible weighted BM operator (GPFRWBM) is proposed, and its math-
ematical expression is given and some properties are also discussed. Then, Pythagorean fuzzy reducible
weighted BGM operator (PFRWBGM) and generalized Pythagorean fuzzy reducible weighted BGM op-
erator (GPFRWBGM) are also defined, and their mathematical expression are given and some properties
of these operators are discussed. Finally, an approach to multiple attribute decision making based on

PFRWBM operators is proposed, and a practical example is given to illustrate our results.

Keywords Pythagorean fuzzy set; Bonferroni mean operator; reducibility; aggregation operator; decision

making

1 5|8

TEARRIAE I B —FiERat ™, BT BRI P REE Sche . SR DA Sn = 15 SRR 2
HEF, R T SR E IR E. BT, %?Em’fﬁ*ﬁﬁ&%fiﬁ SHITTIEES T 88 RGBT TR,
i, BB AERLER B BRI R RIBU LS PO T RSB 1), EE

ks HER: 2018-06-25
Y& X4 (1976-), 3B, WML, BB, B m: SO, JuReEn.
ELIE: ExX B RRFESFFEEESTH (11501525); MEEE EEFRE SR E (18A110032, 20A110035)

Foundation item: National Natural Science Foundation of China (11501525); Key Scientific Research Projects in Colleges
and Universities of Henan Province (18A110032, 20A110035)

o35 | At X T, A, X7 . B EFO LAY BM 31 R HIRSR Y. J). RS TREHEIE 5 IR, 2020, 40(2):
499-509.

FNG | Liu W F, Du Y X, Liu W L. Pythagorean fuzzy BM operators with reducibility and applications in decision
making[J]. Systems Engineering — Theory & Practice, 2020, 40(2): 499-509.




500 Ao TRAERS LK %40

R Choquet FUMERELT B, EHEADH Bonferroni “F# (IFBM) 81 12, HAEHUBI&EMARE R 19
B 1) s

(B2, FEE A 2 B DR, B HE Mo B Mor st i 8 B A (ERT, P RE IR m AR
JREZRIRT 1 AIESL, WE e T E RO 2 )@ A R BRI I ol A SR R S:, Yager(19:16)
AR . XIAER S BB+ MEE, /1 T AFRREMIERRE 2 M 1, mHT
TR 1 R BRI EORIER, INIiFa)R T B4R, 7EIERAt b, Rolr, — S5 0o T Bk B Rl
ORI LSRN ], ISR R RME v LAGr A LTS —&, SMpesor iR SR BT BRI SR 30
BEfHE), MBS BB TOPSIS ¥ 7)) BEAEFRTROE LINMAP 77k 181, BGRAEFRrROE TODIM
Jrik DO, BSGKRF ORI SRR BT 20, R BEREF RO SRR T, AR BRI O (5 B A AT
B P Bk BRI BN Einstein S5AET 22 Ml Hamacher 51 231, SERREEA SRR INAU LT /-
PET P42 BESREF RIS SGA ISR AT T 2027, BERBFHIAS Choquet RSN 3L T- LA 5L
T B8, Bk urp ORI R s 29500, BEgkBRRI TR BM B (205182 =R MESKERRI RO 2 gl
FE, BRI B3, kpoe &gy B FARRImEE 5O pug, BEARFRI RO S5 b S SIS, ek
B4R B9 Bak BRI RS BT, BERRRR R A B8] 45 SRS U R, DA BRI
WEREFHIFRRREAEE. NEHERE GRS, XA R4 & T X F 4k
P2 —ZE R YRR B S SRR T (212729800 R RR AR AR F A T 288192 o Jj
PR BAE A B AR RS T, R Choquet B FEET BESESH
T BEARAAR B PE IR DG, 1T BE A BFRLTEOR BM 577 Elnd JE (A ) iR Sfe B A B

HETST BM SRATHHI, E4BE T 8RR, Hid, Yager® i T - BIH:R T4, fixt BM
FTVET MR, MR I BE e T FR 3R, FEJS, Beliakovl®®) 31T Yager (GEER, 21 T BM
T AA, Xult ¥ BM 578 KBRS, M Xia % 12 2545 JUFFH, 2 X T Bonferroni JL
T (BGM) HF; Xu fl Xia % 010 UK Zhou &5 MY A FIRFSE T EAEAU BM HF-MIEMEBH BGM &
T (B, Zhou % 12 @it LA E WA BM S TMHEFRIE TR A, BT Xia 4 09 BHEHE
W WBM BFHEARFEEZIN, HREESHII BM B AERERE, HE Xia @& XHEFHFTE
EE: A Ee S EA E A S A B Z MM AEDE, MASRE S S E k5 T A Bz [H i
3. ALK, Zhou ZEEH T HAE LR AL BM M E BRI INAL. BM B+, FRHEHEFHET T
GPRAIRRE, WNTE 25 7 BM HFER.

7E Zhou % 12 PRoas Bnk N, RATHFR T EA WA A BM £17- 2031320 Lo Ef]
WA BRI A, 7 Zhou SFFEHHAYEFHENA BM BFREm b, FA 12 a2 A R A ek
BB BM ST MO R A LHEN T B9, BIBEEA R BORI SR BM ST, BRI
HIAL BM B, B BRI BGM BEHEE. HaR, & IR BRI RORIE M IA BM HE1-f1
I SRR BRI ACRIA SR AL BM 557, 4 BT AR, FHEENTRER. SR8, e S aThd
BOWIA AR IIAL BGM TR IR BRI BORTA R DAL BGM 37, 48 BT HEAR, TR B
BOPERT. JF4 T BE IR BRI STRIIE R DAY BM 1 2B RS A, Fdd 5L A LU A 7
BT, B)a, MR T — MR RS

2 XS

EX 105160 3% X R, MFR=T08H A = {< =, pa(x), va(z) > |z € X} WHEATFROEOI4E, Hri
pa(@), va(e) FAFRRITR « BT A WRBEMAEREE, H Ve € X, pa(z),va(z) € 0,1], ph(z) +vi(z) <
1.

B Mo =< pra, va > HEEIREFRITHOBIEL.

/'-‘]E_'x 2[39] & aq(z = 17 2, Tty n) %HgﬂznzﬁiﬁL b,q 2 07 %‘

1 - pta
BMPY(ay,ag, -, a,) = < Z a;na?) ,
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N# BM & Bonferroni *F-¥J (BM) &1, &i# A BM HT-.
I'-‘ix 3[39] & a?(Z - 17 2) Y n) %HgﬂznzﬁiﬁL p,q,T Z 07 %‘

n

1
1 T
GBM”*" (a1, ag,- -+, a,) = <m Z ajaj ak) ;

0,4 k=1,iAj#k

N#k GBM &~ X BM HF, fii#kh GBM HF.

EX 4B (i = 1,2, n) R—HERTRIFERIEL pg > 0, w = (wi,w2, -, w)T N
ai(i=1,2,---,n) PAEME, Hw >0,i=1,2,---,n,>" jw; =1, %

PEWBMP¥ (a1, g, -+ ) = <m & '((wiai)p@(wjajm) o
1,j=1,i#j

MIFR PFWBM SR EHEBORI AN BM H1, fii#fh PEWBM H-1-

EM 52 (i = 1,2, n) B—AHAFFRIERIE, pq > 0, w = (w1, w2, -, wn)" K (i =
1,2,---,n) WAREME, Hw >0,i=1,2,---,n,>" w;=1,%

1 n
PFWBGM;D’(I(OQ, oy, an) = — ® paw7 @ qa n(n 1)
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HEMSE]
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Hie, Hw >0,i=1,2,---,n,> " jw; =1, M

1) (BJRME) #F wi = L(i=1,2,---,n), W PFRWBM(a, a2, - -, ) = PFBM(0v, g, -+, 0, );

2) (BEME) H ai=a=<fig,ve > (i=1,2,---,n), ] PFRWBM(ay,as,- -, a,) = a;

3) (BE) B 5 =< o, > (i = L2 n) Ky R— LTI, H o, < s vor > v,
(i=1,2,---,n), Il PFRWBM(a, as,- -, an) < PFRWBM(Bl,Bg,---,Bn);

4) (BHMHE) # o~ < PFRWBM(aq,a,--+,0,) < o, HF o7 =< p=, vt >, ot =< pTv™ >,
i = minpa,}, i = max{po, . v = minfr, ), v+ = max{va, )

5) (BHAZEM) B Ai(i=1,2,-,n) B ai(i=1,2,---,n) —PEE N PFRWBM(a1, a2, -, an) =
PFRWBM(f1, B2, -+, Bn)-

UEBA JUEHA 3) BATAME, HoRm.
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A o = PERWBM (a1, as, -+, an), § = PFRWBM(ﬁl, Bav- -, Bn).
BT faw <t oy < pg, AL p28 < p2l, p20 < p3t, NTIA pabpl? < pf ps!, FTRA 1— p2hpud? > 1 -
Wiy iy wj Wy
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. n ] n 9 9 n W4 W j ;
BEE- [ (- <1- ] (-l B (- ] (1) T )75 <
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BXT Bai =< fia;,Va; > (1= 1,2, -, n) R—HFERTHIFEHRIEL p,¢,7 > 0, w = (w1, w2, -+, w,) "
Hoai(i=1,2,- n) AEME, BHw >0i=12, 03" w=1%
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2) (%#VEE) Foai=a=<lig, Vo> (i=12,---,n), N GPFRWBM(aq,as, -, an) = a;
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5) (BHAHE) B 61 =1,2,---,n) JE (i = 1,2, -, n) l— A8, | GPFRWBM (a1, ag, - - -, o) =
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GPFRWBGM (a1, az, -, &)

n wiw i wy
=<¢1_(1_ 1 (U= ()P = g2, (1 = g, )r) 0o e v,

i k=10 j#k
! 2 2q, 20 \ o) (T —a) L
s l1—w; ) (1l—w; —w,; 2(pFqgtr)
(1 - H (1 - l/a[i)l/a(j:uak)( v ‘J))z(p+q+ ) >
i k=10 j#k

T 8 B i =< fla, Vo, > (1 = 1,2, n) H—HERFHIFBMIEL, © = (w1, wa, -, wn)" ZHAL
BEuE, Hw >0,i=1,2,---,n,>" jw =1,

1) (B & w, = %(z =1,2,---,n), ] GPFRWBGM (a1, az, -+, an) = GPFBGM(a1, ag, -+, ay);

2) (EYE) & as = a =< i, Vo > (1 =1,2,---,n), Il GPFRWBGM(a1, ag, -+, an) = a;

3) (BRUYE) B B =< pp,,vp, > (1= 1,2, n) AFH—HBEIRFHIERIZ, H e, < psi, Ve > vs,
(i=1,2,---,n), ] GPFRWBGM (a1, s, -+, a,) < GPFRWBGM(31, B2, -, Bn);

4) (BHE) i o= < GPFRWBGM(ay, a9, ap) < at, HH o™ =< p=, vt > ot =< pt v >,
i = min{ji . o = mic{aa, b v = min{va,}, v* = max{vn, }

5) (BHHAZME) 7 8i(i =1,2,---,n) B ai(i = 1,2, -, n) B—PEH, N GPFRWBGM (aq, ag, -« -, )
= GPFRWBGM(31, B2, -+, Bn)-
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5 REMH
5.1 REHZE

WHEREN X = {z1,22,- -, 20}, JRYEEN C = {c1,c2,- -, en}, w = (w1, wa, -+, w,) T RJEHAE R
B Hw>0,i=12-,n 0" w =1 SJPSKREFHFTE v, XTEE ¢ WRHEERN o, HF oy N
BRI BORIEL, HUB (R a)AH BB, BB 7T LA A — e SR BRh B ORI SR i B TR M5 BB,
Wo 5 SE 37 BHE B (H2 B R E RIFAEE M CRT, R — By s s B S A T E 2 REE
A, BN G R MR R L. S, M4 e b3 i BRIk B BRI J5 v BM 57, 4R HH S A
TR YA MAFAEAE BAE A BEkBF R 2 R e s

BB L PSREE TR v RTIBYE o MBMEERN oy, i oy HEIREHIHEHIE, ATESITLR
R A= (aij)mn~

BR 2: REEEIREFRI IR R E BM B RS T R G TEME.

IR 3. AT RS IFIME RS2 BB AR R 8.

B 4 RUIEA 7RG TEIME RIS R EFURE IR B B0 7 S T HETF #R1R.

5.2 RERLH]

Bl 152 @AESMYSIAAREB R BER NSRBI T MW TS, Eh— LR, &
TR GET MR ITES P RIS T AR AT —F 5 Mt 225 [ X BBy TSI RS g
W—Z4R1T, Bl GCB #17, BELELTIANBEIRSHHEL AT REmy R H ks, ZBITo0EMN
AU ESHEMN AN T ERE RN E R E A — SR RE. T LRz Ew, BF
BATRIEWE S REN ZRIES AT IR SRR T, HE B — R R AR . @ i E AR,
IR LRSI AR S IRAER N TIRIEE, BIIRS A X = {21, 22, w3, 24} EIPFRMERIRI TR, &
HTRATZI N T H A B R AT PEAL, PG R B8 BHRIHT (). EIEMZEFNE (c2). 5
BRI (c3). HARBEST (ca) FWITAET] (c5). FHBRBBXLIEHEMAER w = (0.3,0.1,0.2,0.1,0.3)". FHHIF
AR A BB B R T BORIE, I T — D Bk BRI R . TR LB A AR T R R
i

R 1 EASRITRMIR SR AERE
Cc1 Co Cc3 C4 Cs
r1 <06,03> <07,01> <09,02> <04,05> <08,02>
r2 <04,07> <0507> <03,08> <08,01> <0.5,06>
r3 <08,01> <03,05> <08,04> <07,05> <08,04>
rs <04,02> <05,06> <0.6,07> <09,04> <0.7,0.6>

IR 1 SRR A = (ij)as(WR 1), o ai5(i = 1,2,3,4,5 = 1,2,3,4,5) HEREIHHBOHILL

B 2. W p = q =1, R PFRWBM HFHAZITRGEIE 58] 21 =< 0.7275,0.8057 >,
Tg =< 0.4784,0.4284 >, x5 =< 0.7550,0.7115 >, 24 =< 0.6106, 0.5669 >.

B 3. BT RESTHMERESREBUES BN s(x1) = —0.1199, s(zo) = 0.0453, s(x3) = 0.0638,
s(z4) = 0.0515.

BB 4 M T REGETEMERSTREUE TS o3 - 24 = o = x1, BIFELIATIRS R B AL Y
5.3 SEFMSHMT

4 17438t PEFRWBM HFHSHEUEX 7 ZHEF M, RIS p, ¢ BORFEEUE, REITTHRHB &)
ZRM SR IRYEE, T REHFIIAE 2.
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r 2 TESHTAEHRF
p.q VESi kg P, q E S ks D, q E S ks
1,1 x3>=xza>xz2>=21 53 x3>=T1>xa>2x2 3,8 X3>T1 > Ta > Ta
1,2 T3 > T4 > T2 > T1 3,0 x3>x1>x4>2x2 83 X3 > T1 > Ta - T2
2,1 T3 > T4 > T2 > T1 50 X3 >x1>x4>x2 DY X3 > x1 > T4 > T2
44 x3>=x1 T4 T2 82 x3>=T1>-TarTa 85 T3 T1 - T4 T2

B3 2 FTLVEH, 24 p,q BUNEE, Bl p, g = 1,2 B, FRAJFRH 23 = 24 = 2 > 213 MY p, ¢ BEKES, Bl
p.q=3,4,5,8 B, FRHITH x5 - 1 = x4 = x2. WIR, B p, ¢ WBUERIHIXT 7 ZHEIT = AR KA.
B2, INiZfilit 545 %&, PFRWBM B BRA—emiett.

5.4 REHALEER

1) 5 PEWBM B

SCHE [32] #R9E PFWBM B8, Y4 p = ¢ = 1 B, FRETH 23 - 24 - 21 - z0, HHFHES
PFRWBM B33 0 5 ZHUTH AR, B &L e R E, SXMWAEF R E R ER ERK
MIEHR, (2% EE] PFRWBM $T-BAREME, M PEWBM AP ARG RN, Fi il PFRWBM #7458
IR HE PSR A7

2) 5 Bk BRI TOPSIS ¥t s

oG, EEBUERAEE o = {<0,8,0.1 >,<0.7,0.1 >,< 0.9,0.2 >,< 0.9,0.4 >,< 0.8,0.2 >} DKM
FEM%E 2~ ={<0,4,0.7>,<0.5,0.7>,<0.3,0.8 >, < 0.4,0.5 >,<0.50.6 >1}.

HIK, WM TR 5 EEETE o MIPUER d(z),27) = 0.149, d(22,21) = 0.446, d(z3,2™) =
0.106, d(z4, ") = 0.303.

HEHEMFEGHIETE o WIAUER d(z),z7) = 0.345, d(x2,27) = 0.048, d(x3, 2~ ) = 0.420,
d(zyg,2~) = 0.191.

= SRV FFIE ST S GO R BERS U(11) = ey = 0.6984, I(22) =
0.0972, I(z5) = 0.7985, I(x4) = 0.3866.

B, B Uxs) > U(xq) > U(za) > Uao) TTAL TREEFH 23 = 21 = 24 = 0.

B, BITRIEFEREY p,q = 3,4,5,8 Bf PFRWBM HFHIF&—8. Xt T PFRWBM
HAEE BB AE RN

6 45iE

TEE AR RO R L R T, IR MR TE AR A EOE R, $HXT H AT BB HERISCH HEk
R ERTIIAL BM 8RR, BFE 1 RA R R MR M Sk S s Al BM 51, 45 PFRWBM
T, GPFRBM B LAJx PFRWBGM #fl GPFRWBGM 8+, B2 T EMWHEARK, e T ENrHE
JR. BRFREERERY], AR RO BM ST T AOURAIE R, RSk, SR L R A A
SEHRIR, T ELSAR A A S s ¥k LB, A SEhR B el AT, S EUMA R, HE2 BRI e .
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